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ABSTRACT. We provide a new construction of a topological group model for the string group
of a compact, simple, and simply-connected Lie group, by solving the obstruction realization
problem for compact group G-kernels on full factors. Furthermore, we introduce the Rohlin
property for actions and cocycle actions of compact groups in order to establish cohomology
vanishing theorems.

INTRODUCTION

Let G be alocally compact group. A G-kernel on a factor M is a group homomorphism & from
a locally compact group G into Out(M) that admits a measurable lift a: G — Aut(M). Given
a G-kernel x, whether a lift & can be chosen as a genuine action is a classical problem. For each
G-kernel &, there is an associated 3-cohomology class Ob(k) in a measurable group cohomology
H3(G; T) which serves as the obstruction to lifting x to a genuine action. Sutherland [Su80]
has shown that this class completely determines the obstruction to a lifting action when M is
properly infinite. In this context, we are interested in the following questions.

(1) Which 3-cohomology class in H3(G; T) is realized as the obstruction for a G-kernel?
(2) Does every G-kernel on a finite factor with trivial obstruction class lift to an action?

We first address the realization problem of a 3-cohomology class in H3(G; T) as an obstruc-
tion. For discrete groups, Jones [Jo79] has shown that every 3-cohomology class is realized
as the obstruction for a G-kernel on the AFD II; factor. For compact groups, this problem
has been solved by A. Wassermann [Wa06] on the AFD II; factor. More recently, by using
conformal field theory, Bischoff and Karmakar [BK24] have constructed T"-kernels on the AFD
factor of type III; realizing a given class in H3(T™; T). Marrakchi [Ma25] has proved that if G
is a compact connected abelian group, every class in H3(G; T) can be realized as an obstruc-
tion for a G-kernel on a full II; factor. Recall that a factor M is said to be full if the inner
automorphism group Int(M) is a closed subgroup of Aut(M). By generalizing Wassermann’s
construction, we extend these results as follows.

Theorem A. Let G be a compact group and let c: G> — T be a measurable 3-cocycle. Then
there exist a full 11} factor M and a G-kernel k: G — Out(M) whose lifting obstruction is
Ob(k) = [¢].

Let x be a G-kernel on a full factor M. Assume further that x has a continuous local
section to Aut(M). Let G = e/ (k(G)) < Aut(M) denote the inverse image of x(G) under the
canonical quotient ep7: Aut(M) — Out(M). Then G — @ is a principal Int(M) = PU(M)-
bundle over G. This bundle structure plays a crucial role in the geometric realization of certain
topological groups, specifically in the context of string groups.

The string group String(n) is defined as the 3-connected cover of the spin group Spin(n).
More generally, String(G) denotes the 3-connected cover of a compact, simple, and simply-
connected Lie group G. Several geometric constructions of String(G) are known. For instance,
Stolz [St96] has constructed a topological model for String(G) as an extension of G by the gauge
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transformation group Gauge(P) where P is a principal PU(H)-bundle. Nikolaus, Sachse, and
Wockel [NSW13| have provided an infinite-dimensional Lie group model for String(G). How-
ever, an explicit construction of the underlying principal PU(H)-bundle over G has remained
elusive. We resolve this problem by combining the theory of principal bundles with that of
G-kernels.

Corollary B. Let G be a compact, simple, and simply-connected Lie group. Then there exist
a full 11y factor M and a short exact sequence of Polish groups PU(M) — G —» G, which is
a Hurewicz fibration. The group G is a Polish group model for String(G).

Next we treat G-kernels with trivial obstruction class, which is identified with cocycle actions.
To handle these actions, particularly for cohomology vanishing problems, we need a stronger
form of outerness analogous to the Rohlin property known for discrete amenable group actions
and flows.

The classification of group actions is a fundamental subject in the theory of operator algebras.
Connes, Jones, and Ocneanu pioneer the study of asymptotic properties via central sequence
algebras. In the study of flows (i.e., R-actions), a higher degree of “outerness” is required for
classification. Consequently, the Rohlin property has been introduced by Kishimoto [Ki96] for
C*-algebras and by Kawamuro [Ka00] for the AFD II; factor respectively. Finally, Masuda and
Tomatsu [MT16] have classified Rohlin flows on general von Neumann algebras.

On the other hand, actions of compact abelian groups on AFD factors have been studied
by Jones, Takesaki, and Kawahigashi [JT84, [KT92|. Later, Masuda and Tomatsu [MT07,
MT10] have completed the classification of minimal actions of compact groups on AFD factors.
Their approach relies on dual actions, by exploiting the fact that the dual of a compact group
is “discrete” in a suitable sense, which enables the application of classification techniques
for discrete amenable group actions. In the context of C*-algebras, Izumi [[z04a), 1z04b] has
introduced the Rohlin property for finite group actions, Hirshberg and Winter [HW07] also has
introduced the Rohlin property for compact group actions on unital C*-algebras, and Gardella
[Gal7] has generalized it to compact group actions on o-unital C*-algebras. In the second
half of this paper, we extend these notions to the von Neumann algebra setting. Unlike the
dual action approach, we focus directly on the action on the equicontinuous part of the central
sequence algebra. Specifically, we introduce the Rohlin property for compact group actions
and cocycle actions on von Neumann algebras, and characterize such actions by following the
strategy of [MT16].

Theorem C. Let a,3: G ~ M be Rohlin actions of a compact group G on a factor M. If
Bg 0 ag_l € Int(M) for all g € G, then they are approximately inner conjugate, i.e., there exists
o € Int(M) such that coaoo™! = j.

A cocycle action can be viewed as a G-kernel with trivial obstruction class. For discrete
amenable groups, Ocneanu [Oc85] has shown that every cocycle action of such groups on the
AFD II; factor is perturbed to a genuine action, and Popa [Po21] has extended this result to
arbitrary II; factor. In the continuous setting, the problem becomes more subtle. For locally
compact abelian groups, Masuda, Tomatsu [MT16] and Shimada [Sh14] have established that
the Rohlin property implies the vanishing of the 2-cohomology. However, analogous results
for non-abelian compact groups have not been known yet. We prove that strict outerness is
sufficient to ensure that a cocycle action on the AFD II; factor is perturbed to a genuine action.

Theorem D. Let (a,u) be a cocycle action of a compact group G on the AFD 11y factor R.
If (o, u) is strictly outer (i.e., R' N (R Xq,u G) = C), then u is a coboundary.

This paper is organized as follows. In section 2, we present the proof of Theorem [A] and
explain string groups to derive Corollary In section 3, we define the Rohlin property for
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compact group actions and provide their classification and characterization (Theorem . Fi-
nally, section 4 addresses the vanishing of the 1- and 2-cohomology of compact group actions
(Theorem DJ).
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1. PRELIMINARIES

1.1. Notations. Throughout this paper, all groups are assumed to be second-countable, and
all von Neumann algebras are assumed to have separable predual unless it is ultraproduct.

The closed unit ball of a Banach space E is denoted by (E);. For a von Neumann algebra
M, we denote its center, unitary group, projective unitary group, automorphism group, and
inner automorphism group by Z(M), U(M), PU(M), Aut(M), and Int(M), respectively. We
set Out(M) = Aut(M)/Int(M) and let epr: Aut(M) — Out(M) be the canonical quotient
map. The automorphism group Aut(M) acts isometrically on the predual M, canonically:
o(p) = poo!for o € Aut(M) and ¢ € M,. We equip Aut(M) with the u-topology, that is,
a net «; in Aut(M) converges to « if and only if ||ai(¢) — a(p)|| — 0 for all ¢ € M,. Note
that Aut(M) is a Polish group whenever M has separable predual. The approximately inner
automorphism group Int(M) is the closure of Int(M) in Aut(M). We say that a factor M is
full if Int(M) = Int(M).

For a normal state ¢ on M, we consider the two norms on M given by

e + l‘l‘*>1/2

lzllp = ()2, and |||} = ¢ ( ;

If 7 is a distinguished trace on M, we write || - |2 instead of |- || = || - . We denote the AFD
factors of type IIy, I, IIIy (0 < A < 1) and III; by Ry or R, Ry, Ry and R, respectively.
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The left translation action of a group G is denoted by £L: G ~ L>=(G); (L, f)(h) = f(g~th).
We will write u: GXxG — H,v: G — H and w € H for a 2-cochain, a 1-cochain and an element
(0-cochain), respectively. The evaluation value of a map a: X — Aut(M) (or n-cochain c) may
be denoted by «, instead of a(x) (resp. cg,, .. q4,). Given a: X — Aut(M) and o € Aut(M),
we write 0 oo ! for the map X > 2+ ooz 00t € Aut(M). More generally, the notation
() denotes the composition 7 o a for a group homomorphism 7: Aut(M) — H.

Leta: G~ M,B'": H~ M, 32: G~ N and 83: H ~ N be group actions such that o and
Bt are commuting. We define the new actions a x f': Gx H A~ M, a® %: G ~ M ® N, and
alp?: GxH ~ M®N by (axﬂl)g,h = O‘goﬁ}ln (04@52)51 = ag@ﬁg and (a&ﬁ?’)g,h = O‘g®6?r

We will use Moore’s measurable group cohomology for locally compact groups. Our refer-
ences are [Mo64, [Mo76]. In what follows, measurability refers to the Borel-Haar-measurability,
and we always identify functions that differ only on a null set.

Definition 1.1. Let G be a locally compact group and A a Polish G-module via the action
o: G ~ A. The group of n-cochains, denoted by CZ(G; A), consists of all locally bounded
measurable functions from G™ to A. The coboundary operator §": C%(G; A) — CPH(G; A) is
defined by

n
(") (g1, gnt1) = 0g,(c(g2, - - - gnt1)) + Z(—l)lc(gl, o GiGi4 15 - 1)
i=1

H=D) e(gr,- - gn)-
We define the group of n-cocycles by Z2(G; A) = ker(d"), and the group of n-coboundaries
by B2(G; A) = im(6"!). The n-cohomology group is defined as the quotient H?(G; A) =
Z2(G; A)/BL(G; A). An n-cocycle ¢ is said to be normalized if c¢(gi,...,9,) = 0 whenever
gi; = e for some ¢. When the action ¢ is trivial, we simply omit the subscript o.

With the notation above, let I(A) denote the G-module consisting of all measurable maps
from G to A, equipped with the action I(c): G ~ I(A) defined by [I(c),f](h) = a4(f(g~ h)).

Lemma 1.2 (Shapiro lemma). For any locally compact group G and any G-module A, the
cohomology group H?(U)(G;I(A)) is trivial.

Proof. This follows from [Mo76, Theorem 2]. O

Consider a cocycle ¢ € Z2(G; A). Suppose that ¢ takes values in a submodule B C A and
that I(B) admits an equivariant embedding into A. Then c¢ is a coboundary. This observation
will be used throughout this paper.

Definition 1.3 (cocycle action). Let G be a locally compact group and M be a von Neumann
algebra. A pair of measurable maps a: G — Aut(M) and u: G x G — U(M) is said to be a
cocycle action if it satisfies

(1) Qg Oy = Ad(ugﬁ) O Qgp, and

(2) ag(unk)ug e = tgntighk
for (almost) every g, h,k € G. If w =1, then « is an action.

We assume in addition that cocycles are normalized: ug ) = 1if g or h is e. The condition (1)
means that « induces a group homomorphism e o a: G — Out(M). Moreover, the condition
(2) leads to the existence of a covariant representation as follows: Let mo: M — M ® L*°(G) C
M @B(L*(G)) and \*: G — U(M ® B(L*(G))) be maps given by

(ma(2)€)(9) = ag-1(2)E(9),  (NE)(9) = ug-1 n&(h™"g)
for g,h € G and ¢ € H ® L*(G), where H is the Hilbert space on which M acts. Then it
follows that Ajma(z) = ma(an(z))A; and AGA) = ugpAy,. The cocycle crossed product is a
von Neumann algebra mq (M) V {\*}" and denoted by M x4, G. We may omit the notation
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7o and identify M C M x,, G. We say that a cocycle action (a,u) is strictly outer if
M' N (M xq. G) =Z(M).

Let v: G — U(M) be an arbitrary measurable map. Then v perturbs the cocycle action
(o, u) to (o, u’), where

oy = Ad(vg) 0 ag,  uy p, = Vg0rg (V) ug nU,-

A new cocycle action (o/,u’) is said to be a unitary perturbation of (c,w). In this case, there
exists an isomorphism M Xq, G = M X4, G determined by x — x for all € M and
Ay = v;‘Ag,. Indeed, consider the unitary operator V on H ® L?(G) such that

(VE)(9) = vgé(9)-

One can check that V(ma(7)) = 7o (z)V and VAY = U;XQ‘IV, and hence Ad(V') gives the
desired isomorphism. If a cocycle action (o, u) is perturbed to an action o/ = (¢/,1), then
u is called a coboundary. Explicitly, this means that there exists v: G — U(M) such that
Ug n = ag(vf)vgvgn. If both (a,u) and (o/,u’) are actions (i.e., u = v’ = 1), then the map v is
called an a-cocycle. In other words, an a-cocycle is a measurable map v: G — U(M) satisfying
the cocycle identity: vyoy(vh) = vgn. An a-cocycle v is called a coboundary if there exists a
unitary w € U(M) such that v, = way(w*). Two actions a and o are said to be conjugate
if there exists an automorphism o € Aut(M) such that 0 o« o 0~ = o'. Note that strict
outerness of a (cocycle) action is preserved under conjugation and perturbation.

Recall that the continuous core of a von Neumann algebra M is the crossed product M =
M xge R associated with the modular action of a faithful normal semifinite weight ¢. We
denote by A\Y € M the unitary implementing /. The continuous core M admits a trace and
a trace-scaling flow § = ¢%. The canonical extension of o € Aut(M) is the automorphism

a € Aut(M) defined by

a(r) =az), a(\’)=[Dpoa™': D\
for v € M and t € R. The Connes-Takesaki module mod(«) is defined by the restriction
mod(a) = &\Z(M) € Aut(Z(M)). The mappings a — a and « — mod(«a) are continuous. See
[E'T01] for more details.

Definition 1.4 (G-kernel). A G-kernel on a von Neumann algebra M is a group homomor-
phism k: G — Out(M) that admits a measurable lift a: G — Aut(M).

We always assume that x is faithful. Note that if M is full, the existence of a measurable
lift a of K is equivalent to the continuity of x, because any measurable homomorphism into
a Polish group is automatically continuous. We assume from now on that M is a factor so
that U(Z(M)) = T. Since ay o ap o a;hl belongs to Int(M), there exists a measurable map
u: G x G — U(M) such that oy o ap, = Ad(ugp) o agy. The lifting obstruction (or simply
obstruction) of k is the 3-cohomology class Ob(k) € H3(G; T) given by Ob(x) = [c],

C(g’ ha k)ug,hugh,k = ag(uh7k)ugvhk’

The class [¢] is trivial if x is split, namely, we can choose a as a homomorphism. The converse
also holds if M is properly infinite ([Su80, Theorem 4.1.3]).

1.2. Minimal actions of compact groups. An action a: G ~ M on a factor is called
minimal if it is faithful and (M®) N M = C, and the action « is called strictly outer if
M' N (M x4 G) = C. For compact group actions, it is known that minimality is equivalent to
strict outerness ([Va01l).

Example 1.5 ([PW92]). Let G be a compact group and v: G — PU(M,,) a faithful projective
representation. Then the infinite tensor product v = @Q Adv: G ~ QM,, = R is a minimal
action. All minimal actions of G on AFD II; factor are conjugate to ~.
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Theorem 1.6 ([MTO7, IMT10]). Let M be an AFD factor of type 11, G a compact group, and
v a minimal action of G on R. Then every minimal action of G on M is conjugate to idp; ®-.

The uniqueness up to conjugacy of minimal actions for compact groups (and more generally,
for compact Kac algebras with amenable dual) on AFD factors of type II has been proved in
IMTO7, MT10] (see also [Oc85]).

Recall that the dual of a compact group G is the set of all equivalence classes of irre-
ducible unitary representations of G, and is denoted by G. The dual action of a cocycle action
(o,u): G ~ M is the family of *~homomorphisms (&r: M Xq .y G — (M Xy G) @B(H,))
determined by

el

ar(z) =r®1, ar(\g) =X; @
for z € M and g € G. For more details, see [MT07, MT10].

1.3. Ultraproduct von Neumann algebras. Standard references are [Oc85, Chapter 5],
[AH14] and [MT16]. Let M be a von Neumann algebra. We fix a free ultrafilter w on N. Let
us consider the following C*-subalgebras of ¢*°(N, M):

Tu(M) ={(a"), : ¥ — 0 *-strongly as v — w},
G0 (M) ={(a"), : ||[a”,¢]|| = 0 as v — w for all p € M.},
Noo(M) = {(a"), : (@), normalizes F,(M) in (N, M)}.

Then 7,(M) C 6,(M) C A,(M). Note that if M is tracial then A, (M) = ¢>°(N, M). We call
the quotient C*-algebras M = A, (M)/F,(M) (resp. M, = 6.,(M)/Z,(M)) the ultraproduct
algebra (resp. the central sequence algebra). They are in fact von Neumann algebras. We
regard M and M, as von Neumann subalgebras of M“. Under this identification, we have the
inclusion M, C M' N M¥.

We define a faithful normal conditional expectation E from M onto M by E((a"),) =
weak*-lim,_,,, a”. The restriction 7, = FE|jz, yields a faithful normal trace with values in
Z(M). We often use the notation p* = p o E for ¢ € M, and the 2-norm | - |2 = || - ||,
on M, with respect to the trace 7,. Every o € Aut(M) induces 0¥ € Aut(M%) given by
a“((a”)y) = (a(a”)),. We also write o for 0“ when no confusion arises.

Lemma 1.7 (cf. [MT16, Lemma 2.8]). Let Q be a separable factor of type 1. Then canonically
MeQ)*=2MY®Q and (M ®Q), = M,.

Lemma 1.8 (cf. [AHI4, Lemma 4.36]). Let (z¥),, (y"), € M and ¢, € M,. Then
lim {120 — y”|[ar. = [1(2")o™ = (Y7 )l (are).
V—w

Proof. The inequality lim,_,, ||¥¢ — ¥y”| > |[(¥),e* — ¥ (y"),|| is clear. For the converse,
choose a” € M such that ||a”|| =1 and (¢, z"¢ — ¥y") = ||z — ¥y”|. By [AH14, Corollary
3.16], there exist b”,¢” and d¥ € M satisfying

aV:bV+CV+dV;

("), belongs to A, (M);

16"l < 15

¢ — 0, (d¥)* — 0 strongly as v — w.

According to [AH14, Corollary 3.11], the sequences (c”z"),, (z"*d"*),, (y*¢”), and (d"*y"*),
converge to 0 strongly (and hence weakly) as v — w. Thus, we have

Jim [la"p —yy”|| = lim (", 2" —y”)

= hm(<b” 2 —py") +((¢" +d")z", ) = (y" (" + d7), ¥))
= Lim (o, 2"p — ¢y")

= (0o, ()0 = 42 (Y )).
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This value is bounded by [|(z"),¢* — ¥ (y" ), || .

Definition 1.9 (equicontinuous parts, cf. [MT16, Definition 3.1, 3.4 and 3.9]). Let X be a
compact space with a probability measure 1, M a von Neumann algebra with a faithful normal
state ¢ and w a free ultrafilter.
(1) A sequence of maps (f": X — M),cn is said to be w-equicontinuous if for each z € X
and € > 0, there exists a neighborhood U of z € X such that

{veN:|f'(z)— f”(y)”?p < e whenever y € U} € w.

(2) Let a: X — Aut(M) be a measurable map. A sequence (a”), € ¢*>°(N, M) is said to be
(v, w)-equicontinuous if for each € > 0, there exists a compact subset K C X such that
e a|k is continuous;
o u(X\K)<e:
e the sequence (K 3 x — az(a”) € M), is w-equicontinuous.
Let & (M) denote the set of all (o, w)-equicontinuous sequences in ¢*°(N, M), and then
&Y (M) is a C*-subalgebra containing .7, (M ). We write MY = (&2 (M )NAL(M))/ T, (M)
and Mw,a = (é[)&u(M) N %w(M))/%(M) =My N M,.
The above definition does not depend on the choice of ¢. The C*-subalgebras My and M,
are von Neumann subalgebras ([MT16, Lemma 3.10]). By Lusin’s theorem, we have M C MY.
Let G be a compact group and («,u) a cocycle action of G on a von Neumann algebra M.
Then («, u) is a cocycle action on M and « is an action on M, ([MTIL6, Lemma 3.13]).

Lemma 1.10 (cf. [MT16, Lemma 3.3]). Let X be a compact space and f¥: X — C be an
w-equicontinuous sequence of uniformly bounded measurable functions. Then the convergence
lim,,,, f¥(x) is uniform on x € X. In particular, if X admits a probability measure, then

lim /X (@) da = /X lim f(a) da.

V—w

Lemma 1.11 (cf. [MT16, Lemma 3.21]). Let X be a compact metric space andV: X — U(M®)
be a continuous map from X to the unitary group of the ultrapower of some separable von

Neumann algebra M. Then there exists an equicontinuous sequence of Borel maps v¥: X —
U(M) such that (vY), =V, for allx € X.
Proof. Fix a falthful normal state ¢ on M. First we take a sequence of finite Borel partitions
X = |_|N" X ) and points xgk) € Xi(k) such that

(a) dlam(Xi( ) < 1/k;

(b) xz(k) = ar§k+1) if xgk) € XJ(.kH).
Fix a representing sequence (v: Z(k)),, consisting of unitaries for ‘/;Ek) For each k£ € N, we find

F. € w such that

(c) Fi, D Fita;

(d) min Fy, > k;

(e) v € Fy, implies ||v;’(k) — v Hgﬁo <V — Vx<_k)||§0w +1/k for all 4,5 =1,..., Ng.

i J i J
For v € Fi \ Fiyq and z € Xl-(k), we define v} := v",,. Then the map X >z — v} € U(M) is
1‘7;
(k

Borel. It is clear by definition that (vY), = V, whenever z = z; ) for some k and i. For any

general points x,y € X, we can take sequences (ix)g, (jr)r such that z € Xi(k) and y € X](.k) for
(k) _ (k)

each k. We see that limg_ o r, =z, limy oo z;  =yin X and

lim oy — vyt < hkrg%gf(HVxE? - Vx§i>|’<pw +1/k)

= Ve = VllLw
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In particular, for every trivial sequence (a”), € Z,(M), we have

T [la* %y < Tim (a2 = 0% lls + "0 ll) = 0

as k — oo, which means that (v¥), normalizes .7, (M). Moreover X > z — (vY), € U(MY) is
continuous. By the density of (Jcl(k))kZ C X, it follows that (vY), =V, for all z € X. O

Suppose now that M is a factor and let L>°(X) C M, be an abelian subalgebra, where X is
a compact metric space. We consider the probability measure p = 7| reo(x) on X. Then there
exists an isomorphism ©: M ® L>*(X) = M V L*®(X) C M* given by ©(a ® f) = af. Indeed,
EoO(a® f)=E(af) =aE(f) = au(f), hence © is isometric with respect to the 2-norm.

Lemma 1.12. In the above setting, let W = (w"), € U(M @ L>=(X)) CU(MY) be a unitary.
Then for any @, € My,

lim [[Adw”(p) = | = [ AdW(p") — || Z/XIIAd[W(@](cP)—wIIdw-

Proof. The first equality follows from Lemma Let N = M ® L>®(X) C M¥ and ¢g a
faithful normal state on M. Since the modular flow 0%¢ leaves N globally invariant, there
exists a unique faithful normal conditional expectation Exn: M*“ — N that preserves ¢§. Since
E and EN both preserve ¢y, it follows that £ o En = E. This implies that

W =poE=poFEoEy=¢p’0EN
for all ¢ € M,. Furthermore, since Ad W commutes with Fx, we obtain
AdW (¢¥) = AdW(¢¥) o En.
The desired norm is then computed as follows:
| AdW () — 4] = [(AdW (¢*) — ) o En|
= [[(AdW(g*) = 4)|nl
= [[AdW(p @ ) — ¢ @ plln.

= [ Iadp @) - vl de.
where we identify N, = (M ® L>®(X)), with L'(X, M,). O

2. GG-KERNELS

2.1. Obstruction realization. Wassermann has shown that every 3-cohomology class of a
compact group can be realized as the lifting obstruction of a kernel on the AFD II; factor
([Wa06]). Therefore, the obstruction realization problem has been solved for every McDuff-
type factor.

Wassermann’s construction is as follows. Given a 3-cocycle ¢: G — T, consider the function
u: Gx G = U(L®(G)) defined by ugr(g90) = c(go, g, h), where U(L>(G)) is equipped with the
right translation G-action p. Then w satisfies the 2-cocycle identity modulo T, that is,

[0g (un k) ugnrtiy, wtig 1 1(90) = ¢(gog, b, k)e(go, g, Bk)c(go, gh, k) "' e(go, g, h) " = ¢(g, h, k)

is a constant function. Hence u ® u*: G x G — U(L>®(G x G)) is a 2-cocycle. Moreover, it is
a 2-coboundary. Indeed, setting v: G — U(L®(G x G)) as v4(go, 91) = c(gog; *» 91, 9), one can
verify that vgpg(vh)vg_hl = U, ® uy ;. Next, consider the inclusions L*(G x G) C L®(G)®% ¢
L>®(G)®” % Z. Let U denote the unitary implementing 1 € Z. There exists a measurable map
a: G — Aut(L>®(G)®? x Z) defined by

ag(w) = pg(z), ag(U) =v,U



COMPACT GROUP ROHLIN ACTIONS AND G-KERNELS ON VON NEUMANN ALGEBRAS 9

for x € L°(G)®Z. Tt follows that oy o ap(U) = pg(vp)vgU = vgp(ug ) @ uy ,)U = vgpugpUuy ),
since conjugation by U shifts the tensor indices. Thus, we have oy o aj = Ad(ug,n) 0 agp. The
G-kernel k = )y o a has the obstruction Ob(k) = [c].

We now generalize the above argument. Let n € {1,2,...,00} and let F,, = (s1,52,..., )
denote the free group of rank n.

Lemma 2.1. Let H be a group and o: F,, ~ H an action of the free group of rank n. For
any n-tuple (g;)I_y € H™, there exists a unique o-cocycle v: F,, — H such that vs, = g; for
ie{l,2,...,n}.

Proof. Let H=H x4y, be the semidirect product group and m: H — Fy,, denote the canonical
surjection. By freeness, we find a unique homomorphism v: F,, — H such that vs, = (g;, s;) €
H. Since 7o is the identity map on [F,,, there exists a map v: F,, — H such that vs = (vs, s)
for all s € F,,. Then v satisfies the cocycle identity vsos(v) = vgt.

Uniqueness follows from the fact that any o-cocycle v satisfying the condition gives rise to
such a homomorphism v, which is uniquely determined by its values on the generators. O

Let o0: I' ~ P be an action of a discrete group I' on a von Neumann algebra P. Then any
unitary o-cocycle v: I' = U(Z(P)) induces the automorphism 7, € Aut(P %, I') such that
ou(T) =2, Tu(Ns) = VsAs

for x € P and s € I'. This correspondence ZL(T;U(Z(P))) > v+ 7, € Aut(P x, I') is a group
homomorphism. Let Aut,(P) denote the group consisting of all & € Aut(P) that commute
with 0. Any « € Aut,(P) canonically extend to an automorphism of P x, I' (still denoted by
@) by setting a(As) = As. Then there exists a relation a0 7, = T4y © @, where a(v)s = a(vs).
Thus we obtain
ZL(T,U(Z(P))) x Auty(P) C Aut(P x, T).

Theorem 2.2. Let G be a compact group andn € {1,2,...,00}. For any measurable 3-cocycle
c: G3 — T, there exists a G-kernel r: G — Out(M) on a factor M = L= (G)*F» x F,, whose
lifting obstruction is Ob(k) = [c].

Proof. Define a diagonal right translation action p: G ~ G¥» and an index shift action
(Bernoulli action) o: F,, ~ G* by
pg((gs)s) = (959_1)87 01((9s)s) = (9i-14)s
for g € G, t € F,, and (gs)ser, € G*. Note that these two actions commute. Consider a map
u: G x G — L®(GF) = L®(G)®" given by
Ug,h((gs)s) = 6(967 g, h‘)
We see that pg(unk)ugnr = c(g, h, k)ug pughk, where p: G ~ L®(G)®Fn is given by py(z) =
To p;l. Indeed, the 3-cocycle identity implies
[pg (i) tignik]((9s)s) = wnk((9s9)s)tgni((gs)s)
= c(g€g7 h, k)C(ge, 9, hk)
= c(g, h, k)c(ge, g, h)c(ge, gh, k)
= c(g, h, k)[ug,hughk}((gs)s)'

Thus the proof is finished once we find a: G — Aut(M) such that ag|pe(gyern = py and
ag o ap = Ad(ugp) © agh.

By Lemma for any g € G, there exists a unitary o-cocycle v,: F, — L®(G)®F such
that

Vg,s; ((95)8) = C(geg;il, s, 9)
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holds for all ¢ € {1,2,...,n}. Then there exists a unique automorphism oy, = 7,, o p; on
M = L>*(G)® x, F,, which satisfies

ag(r) = pg(x), ag(As) = vgsAs
for all z € L®°(G)® and s € F,,.
Now we note that pg(vns,)Vg,s; = Ug hUgh,s;Ts; (u; p) holds for g,h € G and i € {1,2,...,n}.
This equation follows from the following calculation:

[pg(Vh,s;)g,5:]((gs)s) = Vn,s;((9s9)s)vg,s,((9s)s)
= c(gegs, s 95,9, h)c(9egs, 9si 9)
= c(ge, 9, h)c(gegs s Gs;» gh) (s, 9, h)
= g1 ((gs)s)Vgh,s; ((95)s) g ((gs;s)s)
= [ug,nVgh,s;0s; (g )] ((g5)s)-

Hence we have oy o ap(As;) = pg(Vn,s;)Vg,s;As; = Ug,hVgh,s;Ts; (u;h)/\si = Ad(ug,n) o agn(As,)-
This implies ag 0 ap, = Ad(ugp) © agp on M. d

Remark 2.3. If a non-empty open subset U of GG satisfies the condition that U > k — ¢(+,-, k) €
L>(G x @) is continuous with respect to SOT, then U > k — a3 € Aut(M) is continuous. In
this case, k: G — Out(M) has a continuous local section to Aut(M).

In the case n = 1, since the group F; = Z is amenable, the crossed product L"Q(G)Z X 7 is
an AFD factor of type II;. This result recovers a theorem of Wassermann [Wa06].

Theorem 2.4 (Wassermann). FEvery 3-cocycle of a compact group G can be realized as the
lifting obstruction of a G-kernel on the AFD 11 factor.

On the other hand, F,, is not inner-amenable if n > 2. Thanks to this, we obtain the desired
G-kernels on full factors. We need a fact about Bernoulli crossed products.

Proposition 2.5 (cf. [VV15, Lemma 2.7]). Let P be a non-trivial von Neumann algebra
equipped with a faithful normal state. Then P¥¥» x T, is a full factor for anyn € {2,3,...,00}.

Theorem 2.6. There exists a full 111 factor M such that every 3-cohomology class of a compact
group G can be realized as the obstruction of a G-kernel on M.

Proof. Let P = L*|0, 1] endowed with the Lebesgue measure. Recall that every separable
diffuse abelian von Neumann algebra is isomorphic to P. Set M = P®F2 x F,, and then M is
a full factor of type II; by Proposition [2.5

Let ¢: G® = T be a measurable 3-cocycle of a compact group G. Theorem implies that
there exists a G-kernel kK on M = L>®(G)®"2 x Fy such that Ob(k) = [¢]. (When G is finite,
we replace L>(G) with L>®(G) ® L*°[0,1] to ensure the isomorphism with P, and the same
argument holds.) O

2.2. String groups. Throughout this subsection, we use the notation ngp(G; A), or more
precisely, Hg,, ,,(G;A) to denote the measurable group cohomology, distinguishing it from
other cohomology theories.

Let G be a compact, simple, and simply-connected Lie group. It is known that its homotopy

groups are
0 (n=0,1,2),
G) =
() {Z (n=3).

The 3-connected cover of G is called the string group of G and denoted by String(G). In
particular, the 3-connected cover of Spin(n) for a large n is denoted by String(n). Several
concrete constructions of String(G) are known (see [St96, NSW13|, [KLW23]). We will provide
a new model for String(G) admitting a tractable topological group structure.



COMPACT GROUP ROHLIN ACTIONS AND G-KERNELS ON VON NEUMANN ALGEBRAS 11

For any II; factor M, the unitary group U (M) is contractible ([Je25]) and hence PU(M) =
U(M)/T, equipped with SOT, models the Eilenberg-MacLane space K(Z,2). Our goal is to
construct a fibration PU(M) — G —» G and also to give an answer to [NSWI3, Problem
3.10], where M is the full II; factor from Theorem [2.6

We know that H3 (G;T) = HY(BG;Z) = [BG, K(Z,4)] = Hom(n3(G),Z) = Z. Take a
generator [c] € Hj (G;T) and let x: G < Out(M) be a G-kernel such that Ob(k) = [d].
Then G = eyt (K(G)) € Aut(M) is a closed subgroup, and a projection emla: G — G gives
a principal PU(M )-bundle over G if the 3-cocycle c satisfies the condition in Remark We
will show that this principal bundle corresponds to the generator of H3(G;Z) = Z, which is
classically known as the Dixmier-Douady invariant. To this end, we introduce (semi-)simplicial
spaces, which is an algebraic setting to formulate Cech cohomology. Our standard reference is

[Tu06].

Definition 2.7. A simplicial space (resp. semi-simplicial space) is a sequence Xo = (X, )nen
of topological spaces with a family of continuous maps f: X,, — X, for every non-decreasing

(resp. increasing) maps f: [m] — [n] satisfying the relation go f = f o g, where [n] denotes
{0,...,n}. When each X,, is discrete, it is called a simplicial set.

Homa (m,n) (resp. Homas(m,n)) denotes the set of all non-decreasing (resp. increasing)
maps from [m] to [n]. Let ¢! € Homa/(n — 1,n) be the unique increasing map that avoids ¢,
and 7' € Homa (n + 1,n) be the unique non-decreasing surjective map that reaches i twice,

ie.,
, j ifj=0,...,4—1, ) J ifj=0,...,4,
g (d)=19" o ni(J) =1". L
j+1 ifj=4,...,n—1, j—1 ifj=i+1,...,n+1.

In other words, a simplicial space is a family of continuous maps
d =& X;, » X1, sp =10 X — X

satisfying the following simplicial identities:

ity =didrifi <,
dptlsn =iy if i <,

di s = idy, ifi=j,j+1,
ditlsn =0t it > G+ 1,
S?+1S§l = Sﬁrllsf ifi <j.

Definition 2.8 (cf. [Tu06, Section 4]). Let X, be a simplicial space. A sequence of open cover

s, = (Ui(n))ieln of X, is said to be a semi-simplicial open cover if I4 = (I,,), is a semi-simplicial

set (namely, d': I, — I, 1 satisfies ' ~'d7 = d7~}d? if i < j) and d7(U"”) C U, ).

For a given open cover i, = (Ul-(n))ie 1, of X, we can form the semi-simplicial open cover

o, = (ﬁ/gn)) AeAn (D) First, we define the semi-simplicial set A, (I) by

An(1) = [ Map(Homas(m, n), L), [§(N](f) = Mg o f)

m=0

for g € Homa/(n,n'), A € Ayy(I) and f € Homas(m,n). Next, for all A € A, (1), we let
7 _ F=1p7(m)
U/\ - ﬂ m f I(UA(f))~

m<n feHom /s (m,n)

Then the open cover (U )(\n))

4.1)).

AeAn (1) 18 in fact a semi-simplicial open cover (cf. [Tu06, Section
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Definition 2.9. Let X, be a semi-simplicial space, il a semi-simplicial open cover of X,, and
A® an abelian semi-simplicial sheaf.

(1) Take a resolution

.0 o, 1
0 A FoO O, el 0

such that H"(X; F7?) = 0 for all n > 1. Define the double complex (FP4(X,),dP?, 6P9)
by dP4 = ZPH( (dp+1) and let H*(X,; A®) denote the cohomology group of its total
complex. (cf. [De74 Section 5] and [Tu06, Section 7])

(2) Define a cochain complex (C%,(th; A®),d*) by

n+1
Cl(8e; A%) = [ A"@™),  (d"c); = Z(q)«dy“)*cd?ﬂj.
i€ln =0

One can check that d” o d*~' = 0. Let H’,(is; A®) be the cohomology groups of this
complex. Define the Cech cohomology of (X,, A®) by

H* (X, A®) = lim H (04ke; A*),
u

where the inductive limit is taken over all open covers of X, with respect to the refinement
order (cf. [Tu06, p.4733]).

These two cohomology groups are isomorphic H*(X,; A®) = H*(X,; A®*) by [Tu06, Proposi-
tion 7.1]. Note that the constant sheaf A on X, has simplicial structure.

Next we introduce two simplicial spaces BoG and F,G, which serve as algebraic models for
the classifying space of G and its universal bundle, respectively.

Definition 2.10. The simplicial space B,G is defined by B, G := G™ (with the convention
ByG = {pt}) with structure maps

(9254 9n) if1=0,
d?: B,G — B,_1G; di' (g1, -, 9n) =< (91, -+, 9iGit1s -, 9n) L0 <i<n,
(g1, 9n—-1) if 1 =mn,
si't BnG — By 1G; S2(g1y ey 9n) = (G1y- -3 Gis €, Git1s s Gn)-
The simplicial space E,G is defined by E,G = G"*! with structure maps
y s GiGidds e - if 0 <i < n,
Qe BuG o BuaG (g, ga) = | 00 0L gn) HOS T
(90, -+ 9n—-1) ifi=mn,
SZL: EnG — E’I’L-‘rlG; S?(goa ce. 7971) = (90) vy 90,6, 95415 - - - 7.971)'

We may consider that G is a trivial simplicial subspace of FoG under G 3> g — (g,¢e,...,¢€) €
E,G. Forgetting go gives the simplicial map 7: EeG — BeG.

Let ¢,,: E,G — B,4+1G denote the identity map on G" 1. Given a semi-simplicial open cover
g of BeG consisting of (U (n) )ier,» we define an open cover U,, of E,G by setting J,, = I,+1

7

and U, = (Lgl(U;nH)))jeJn. Since the relations m,, = dgH'l oty and tp—jodl = d?j:ll oty hold
for i =0,...,n, the sequence Y, indeed forms a semi-simplicial open cover of FE,G. We always
consider semi-simplicial open covers of E,G induced from that of BeG in this way. By using
the map dj™': J, — I, between index sets, the pullback 7*: C"(BeG;T) — C*(E.G;T) is
defined.

Lemma 2.11. H*(E,G;T) = 0. In particular, for any cocycle ¢ € Z"t1(B,G;T), the pullback
n*c € C"HY(E,G;T) is a coboundary given explicitly by m*c = d(v%c).
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Proof. Instead of the Cech cohomology groups, we shall use the sheaf cohomology H*(FE,G; T).
Let F*1 be a resolution of the simplicial sheaf T on B,G such that each FP? is flabby. Regard
GP9 .= FPTL4 a5 a simplicial sheaf on E,G = GPT!. We claim that the map

WP = (sh1)*: GPU(E,G) — GP (B, 1G),
gives the chain homotopy from id to O of the total complex.
Let ¢ € Z""1(B,G; T) be a cocycle. Since

n+2
0= (d""c); = Z(—l)z(d?”)*cd?Hj
i=0
for all j € I,,y2 = Juy1, applying ¢}, ¢ yields
n+2 ‘
0= Z(_]‘)Zb;kl—l—l((d?+2)*cd?+2j)

i=0

n+2 ‘

i=0

n+2

= 7T2+1Cdg+2j + Z(—l)i(bn °© d?jll)*cd?+2j
i=1

n+1
= T4 1Cqni2; — ;(—1)1(@“)*@;0)%%
= (7"¢)j = (d"(tn0));-
Thus, we conclude that 7*c = d(¢)c). O

Wigner’s definition of semi-simplicial group cohomology is Hy,, (G; A) = H*(B,G; A). Tt
is known that this cohomology is isomorphic to Moore’s measurable cohomology (see [AM13]
and [Tu06l, Proposition 6.2]). The explicit construction of this isomorphism is given in [Tu06,
Remark 6.3] as follows: Fix an open cover U, of B4G. We consider each index set I, as a discrete
n

" nggl,...,gn)’
and set a semi-simplicial map A, : B,G — A, (I) by [An(g91---,90)](f) = Om(f(g1,...,9n)) for
every f € Homa/(m,n). Now the correspondence CZ(cile; A) 3 ¢ — c € Cgrp,m (G5 A) defined
by

topological space. Choose measurable maps o: BeG — I, such that (g1,...,9,n) € Ue(

(g1, 9n) = Porn(grrngn) (GLs - - -5 Gn)
induces the isomorphism of cohomology groups.

Proposition 2.12. Let G be a 2-connected compact group and k: G — Out(M) a G-kernel
on a full factor M. Suppose that k has the continuous local section to Aut(M). Then the

obstruction Ob(k) € ngp(G;']I‘) corresponds to the Dizmier—Douady invariant in H3(G;Z) of

PU(M)-bundle G — G with respect to isomorphisms
H2,(G;T) = HY(BG:Z) = [BG, K(Z,4)]  Hom(ns(G), Z) = HY(G; 7).
Proof. Stepl: We observe the isomorphisms ngp,m(G; T) = Hy,, (G;T) = H?(B,G;T). There
exists Obg (k) € H3(B,G;T) corresponding to Ob (k) € ngpym(G; T), defined by the following
steps. Here i, is sufficiently fine open cover of B,G and we continue to use the notation
o8ty = (U )xean(n and An: BoG — Ay (D).
(i) Let ¢;: ﬁi(l) — Aut(M) be a continuous section with ¢;(e) =idys if e € ﬁi(l);
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(ii) Since the quotient map U (M) — PU(M) admits local continuous sections (e.g., over the
open set {Tu € PU(M) : ¢(u) # 0} for a normal state ¢ on M, a section is given by taking

the unique u € U (M) with ¢(u) > 0), we can choose a continuous lift ¢);: [7}2) — U(M)
of

052 U 3 (9.h) = 6u,5(9) © bagj (h) © du;(gh) ™" € Int(M) = PU(M)
where do, dy, dy are the face maps d?: Ao(I) — Ay (I);

(iii) Define ¢y : (7[(3) — T by
@1(g, by k) = [bdzas1(9)](Wagi(hy k) - Yasi(g, k) - bayi(gh, k)™ - Yag(g. h) ™'

Then ¢ = (;); is a Cech cocycle on B,G. Put Obg(k) = [p] € H3(B.G;T).
Then Obg(x) maps to Ob(k). Indeed, two maps a: G 3 g = ¢y (5)(g9) € Aut(M) and
u: G x G 3 (g,h) = Yy gn (9, h) € UM) satisfy ey o = k and Ad(ugp) o agn = ay o ay,.
Thus, [c] = Ob(k) € H,, ,,(G;T) is
c(g,h, k) = ag(uh,k)ug,hkuzh,kuz,h
= [O0() (D] @ra i) (B £)) - Orns(g.nk) (9 1K) - Dxy(gniy (9T B)TF - hnyg.my (95 )
= [Bdadsrg (g,h,k) ()] (Vdors(g,hk) (B B)) - Vdyng (g,hike) (95 k)
WDt g (g8 (9P K) T Yagag (g (95 h) 7

= Pars(g,hk) (95 1y K).

Step2: Next we consider H3(B,G;T) = H%(G;T) & H3(G;Z). Recall m: E,G — BoG is
defined by (go,-.-,9n) — (91,---,9n), hence G C E,G is the inverse image of the trivial
simplicial subspace pt C BeG under 7. Thus, 7 induces 7*: H*(B,G, pt; T) — H*(E.G, G; T).
We have the long exact sequence

5 HY(E.G;T) —— H*(G;T) —2— H**(E,G,G;T) —— H*T(E,G;T) — - - .

Since PI*(E.G;E) =0, 0 is an isomorphism. There exists a commuting diagram:

H3(B,G,pt;T) — = H3(E.G,G;T) +—2— H2(G;T)

I Js I

HY(B.G,pt; Z) — " HY(E.G,G;Z) +—2— H3(G;Z)

} I I

Hom(m4(BG, pt), Z) == Hom(my(EG,G),Z) —— Hom(n3(G),Z).

The isomorphism 0~' o 7*: H3(B,G;T) = H%(G;T) is explicitly constructed as follows. Let
¢ € B3(B.G, pt; T). We find n € C?(E,G;T) such that 7*¢ = dn. Restrict it on G C E,G, we
have d(n|g) = 7*(&|pt) = 0 and hence 5| € C2(G;T) is a cocycle. The map & — 7|¢ gives this
isomorphism because of the definition of the connecting map 9: H?(G;T) — H3(E,G, G; T).
Now, for £ = Obgs(k) = [¢], Lemma allows us to set n = ("¢, that is,
nl(g7 h, k) = ‘pl(ga h, k)

Restrict n on G C E,G and we obtain a Cech cocycle over a topological space G,
m(g,e.e) = @i(g, e, €) = Yay(g,€) - Yay(g, €)' - vaz(g, €)™

when (g,e,¢) € (71(3). Note that for (g,e) € [7}2), the element (g, €) = ¢a,;(g) © da,;(9) " €
PU(M) is nothing but a transition function of the principal PU (M )-bundle G over G. There-
fore, ¢i(g, e, e) is the derivation of the lift 1;(g,e) of 1¥;(g,e), which is precisely the element
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of H(G; T) corresponding to the Dixmier-Douady invariant of the principal P (M )-bundle G
via the connecting homomorphism §: H?(G;T) — H3(G; Z). O

Recall that the gauge group Gauge(P) of a principal bundle P — X is the group of bundle
automorphisms of P that induces the identity on the base space X.

Lemma 2.13. For a compact, simple and simply connected Lie group G, we can choose a
representing 3-cocycle ¢ for the generator of ngpym(G; T) = Z that satisfies the condition in
Remark[2.3.

Proof. Thanks to the NSW-model ([NSW13]) for String(G), we find that the following data.
e A principal PU(H)-bundle P — G corresponding to the generator of H3(G;Z) = Z,
where H denotes the separable infinite-dimensional Hilbert space;
e An extension of topological groups Gauge(P) — G — G;

e A central extension T — Gauge(P) —» Gauge(P).

Since the extension G — G is locally trivial, there exist a measurable section ¢: G — G and
a open dense subset U C G such that ¢ is continuous on U. Then the map ¢: G x G 3
(g,h) — &(g)p(h)d(gh)~! € G takes values in Gauge(P). We can choose a measurable section

P

s: Gauge(P) — Gauge(P) such that the lift ) = s 0 ¢ is continuous on the open dense subset
{(g,h) € G? | g,h,gh € U} (by replacing U with a smaller one if necessary). Note that
for @ € G, Ada € Aut(Gauge(P)) extends uniquely to an automorphism of Gauge(P). We
now define ¢ by c(g, h, k) = [Ad ¢(g)](x(h, k) (g, hk)y(gh, k) ~11b(g, h) ™!, which satisfies the
3-cocycle identity and is representing the generator since the principal bundle P corresponds
to the generator of H3(G;Z) = ngp,m(G; T). By construction, the function ¢ is continuous on
the set

W ={(g,h, k) € G®| g,h, k,gh, hk,ghk € U},

which is open and dense in G3.

Fix k € U and a net k; € U converging to k. Let W}, denote the slice {(g,h) € G? | (g, h, k) €
W1, Since Wi, = {(g,h) | g, h,gh,hk,ghk € U} is an intersection of open dense subsets, it is
also open and dense in G2, and thus it has full measure. For any € > 0, there exist a compact
subset A C W}, and a neighborhood U’ of k such that |G\ A| < ¢ and A x U’ C W. Then the
convergence c(g, h, k;) — ¢(g,h, k) as i — oo is uniform on (g,h) € A. For sufficiently large i,
we have |c(g, h, k;) — c(g, h, k)|? < € for every (g,h) € A and hence

leCs - ki) — el k)II3 =4\G2\A\+/4IC(9,h,ki)—C(g,h,k‘)IZd(Q,h)

< 45—1—/ ed(g,h)
A

< Be.

Thus, c satisfies the requirement in Remark O

As a summary, we have the following corollary.

Corollary 2.14. Let G be a compact, simple, and simply-connected Lie group. Then there exist
a full 11y factor M and a principal PU(M)-bundle G — G corresponding to the generator of
H3(G;Z) = Z. In particular, this provides the short ezact sequence of Polish groups PU(M) —
G —» G, which is a Hurewicz fibration. The group G is a Polish group model for the string
group String(G) in the sense that it is a Polish group having the homotopy type of the 3-
connected cover of G.
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3. THE ROHLIN PROPERTY

In what follows, let G denote a compact group.

Definition 3.1. An action or cocycle action (o, u): G ~ M is said to have the Rohlin property
if there exists a G-equivariant embedding L>°(G) < M,, . Such an action is simply called a
Rohlin action.

It follows immediately from the definition that o ® S has the Rohlin property if either « or
B does. Note that the Rohlin property is preserved under perturbation. Indeed, M, o = M, o
if (o/,u) is a unitary perturbation of (o, u).

Remark 3.2. In [Sh14], the Rohlin property of a cocycle action (a,u) of a locally compact
abelian group G on M is defined by the existence of a unitary v, € U(M,, ) satisfying ag(v,) =

(g9,p)vp for all g € G and p € G. For compact abelian groups, these two definitions are
equivalent.

Let (a,u): G ~ M be a cocycle action on a factor M with the Rohlin property. We consider

M & L®°(G) 2 M Vv L*>®(G) C M¥ such that [ogy(x)](h) = ay(z(g7th)) for z € M @ L®(G).
This observation plays a central role in the present and the next section.

3.1. Classification of Rohlin actions. We will classify Rohlin actions following [MT16].
Since we deal only with compact groups, approximately 1-cohomology vanishing and 2-cohomol-
ogy vanishing theorems are not needed here. These results are shown in the next section.

Lemma 3.3. Let o, 8: G ~ M be actions of a compact group G on a factor M. Suppose that
a has the Rohlin property and (34 o ag_l € Int(M) for all g € G. Then for any € > 0 and finite
subset ® € (M,)1, there exists 6 € Int(M) such that

/G 100a,067 08 (0) —plldg <e, 10(¢) — o]l < /G 18,005 (9) — ol dg +

for all p € ®.

Proof. By assumption, there exists a Borel map v: G — U(M) such that

€
sup max || Advg o ap o Br(p) — By 0 ag-15, 0 Br(p)l| < 5.
g.hkeG PEP 2

Consider a unitary representing sequence (w"), for the unitary W € M ® L>*(G) C MY given
by W(h) = v,. We shall show that § = Ad w" satisfies the condition for a sufficiently large v.
From Lemma it follows that

IAAW 0 ag o AdW* o 57 () — ¢°l = || Ad(Wag(W*)) 0 ag o B () — v

- /G | Ad(W oy (W))(h)) 0 ag 0 57 (0) — o]l dh

- /G | Ad(vnag (v 1)) o ag 0 85 () — ] dh,
| Ad(unag(v71)) 0 a0 B () — ¢l = | Ad(un) 0 ag 0 Ad(®? 1) 0 ;) — o]
< Ad(}-1p) 0 By (@) — ag-1, 0 B, (@)

+| Ad(vp) 0 e 0 By () — ¢
<e.
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Thus we have

lim/ | Ad(w") o ag 0 Ad(w"”)™ 1059_1(90)—90Hdg

vV—w

/G lim || Ad(w") o ag 0 Ad(w”) ™" 0 B, () — | dg

vV—w

:L\|AdW0agoAdW*0ﬁ;1(¢)g0||dg<8.

In addition, similar calculation shows that

lim | Adw” () — ]| = [ AdW (") — &
- /G | Adon(e) — ol dh

< sup || Adva(p) — Br o oy, ()]l + / 18r 0 iy () — ol dh
heG G

/ 1890y () — ol dg + &

Here is the complete classification result for Rohlin actions.

Theorem 3.4. Let a,3: G ~ M be Rohlin actions of a compact group G on a factor M. If
Bgoay, Ve Int(M) for all g € G, then they are approzimately inner conjugate, i.e., there exists

o€ Int(M) such that coa oo™t = 3.

Proof. The proof is by using Bratteli-Elliott—Evans—Kishimoto intertwining argument in the
same way as in [MT16]. Let (¢;)72 C (Mx)1 be a dense sequence. Set @, = (;)i, (D = q,
’y(o B, d_ 1 = ®p and 0_ 1= =0_ o = ids. Inductively, for any n > 0, Lemma provides
6y, € Int(M) so that

/G 100 07"V 00 0 (i) () — ¢l dg < 277,

16a(9) — ol < /rwg (D) () — l| dg + 27

for all ¢ € &, == D, Ug:)n—l U Hn_l(q)n_l). Put v"*+D =6, 0 4y(»=D 0 g1 and 0, =0, 00, s.
Note that for any ¢ € ®,,_o, it follows that

10() = Bzl < [ 19§70 () Bucal) = Bl dg + 27" <27
and
1620) = 8.5 ()] = 10n() = ol < 27+

since both ¢ and 67”_2(90) belong to ®,,_1. Thus there exist lim, o 52,1 = 09 € Int(M) and
lim,, 00 02,41 = 01 € Int(M). Now one can check that ogo a o 00_1 =g1080 01_1. Letting
o=o0, Lo gy completes the proof. ]

3.2. Characterization of Rohlin actions.

Proposition 3.5. Let a: G ~ R be an action of a compact group G on the AFD 11y factor.
If « is minimal, then o has the Rohlin property.
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Proof. By Theorem it suffices to find a minimal action with the Rohlin property. Consider
a = LZ: G ~ L®(G)®® and 0: S5 ~ L®(G)®>®, where G is the symmetric group
of finite permutations and acts on indices. These two actions are commuting and hence «
extends to G ~ (L®(G)®® x5 So). Since L®(G)®* and S, are both amenable, so is the
crossed product L®(G)®> x 6. In addition, the action o is free and ergodic, thus we have
L>®(G)®>® x 6 X R.

The action o has the Rohlin property: Let . : L%®(G) < (L*®°(G)®* xS ) be an embedding
into the n-th tensor component of L>°(G). Then the map L>®(G) 3 f +— (¢Y(f))» € R, defines
an inclusion into the central sequence algebra. Since ay o ¥ = (¥ o L4, the sequence of maps
g — ag(t”(f)) is equicontinuous. Hence, L>°(@G) is equivariantly embedded into R, 4.

Minimality of the action a: Since R® contains the subalgebra L(S,), we have (R*)' N R C
L(So) N (L®(G)®*® x So) = C. This completes the proof. O

Remark 3.6. It is possible to prove this proposition without using the uniqueness of minimal
actions. Here is its sketch: The minimal action « is dual, namely, R = R% x g G for some
coaction B: G ~ R® and a = 3 ([MTQ7, Corollary 7.4]). Since R is also an AFD II; factor,

we have that § is approximately representable, which means that a has the Rohlin property.
See also [MT10), Section 3.4].

Proposition 3.7. Let a: G ~ M be an action of a compact group G on a von Neumann algebra
M (not necessarily a factor). Suppose that o has the Rohlin property. Then the following
statements hold.

(1) The action « is strictly outer.
(2) Its canonical extension & has the Rohlin property.

Proof. The proof is similar to [MT16, Remark 4.12 and Corollary 4.13].

(1): Let € M' N (M x4 G). For any € G, @y is approximated by w(- @ 1)w* with some
unitary w € M @ B(H,). Hence &, () = 2 ® 1, which means z € (M x, G)® = M.

(2): The inclusions L*°(G) C M,, C Mw are both equivariant. For the second inclusion, see
[MT17, Corollary 1.9]. O

Corollary 3.8. Let a: G ~ R be an action of a compact group on the AFD 11y factor. The
following conditions are equivalent.

(1) « is minimal;

(2) « is strictly outer;

(3) « has the Rohlin property.

Proof. (1)<=>(2) is shown in [Va0ll, Proposition 6.2]. (1)==-(3) follows from Proposition
and (3)==(2) follows from Proposition O

Combining this and the classification results, we obtain the characterization on McDuff
factors.

Corollary 3.9. Let B: G ~ M be an action of a compact group G on a McDuff factor M.
Then the following conditions are equivalent.

(1) B is conjugate to B & « for any action a: G ~ R;

(2) B is conjugate to B &~y for the minimal action v: G ~ R;

(3) B has the Rohlin property.

Proof. (1)=(2)==(3) is easy.

(3)=(1): Since M is McDuff, there exists an isomorphism ©: M — M ® R which is
approximately unitarily equivalent to the natural inclusion M > x — 2 ® 1g € M ® R. We
take a sequence of unitaries w, € U(M ® R) such that || Adw, 0o ©(p) — ¢ @ 7|| tends to zero
for all ¢ € M,. Fix g € G and we simply write a = a4 and 3 = ;. Then it suffices to show
that 37 'o©® lo (B®a)o O € Int(M).
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Set w, = (8 ® a)(w})wy,. Then we have
[Adwn 0c©0f(p) = (B@a)oO(p)] = [[Adwn 0O o f(p) — (@ a) o Adw, o O(p)]

< [[Adwn 0 ©(B()) = Blp) @7
(B @ a)(p® T — Adw, 0 O(p))||
—0

for every ¢ € M,. Therefore 371 0O 1o (B® )0 O = lim, ;o Ad W, is approximately inner.
Theorem completes the proof. O

Next we treat actions on AFD factors of type III. Proposition implies that « is strictly
outer if o has the Rohlin property. We want to consider the converse of this statement (see
[MT16, Conjecture 8.3]).

Proposition 3.10. Let a: G ~ M be an action of a compact group G on an AFD factor M
of type I11.

(1) If the Connes—Takesaki module mod(«) is trivial and its canonical extension & is strictly
outer, then « has the Rohlin property and also is conjugate to idy; ®~y, where v is the
manimal action on Ry.

(2) If mod(«) is faithful, then « has the Rohlin property.

Proof. (1): According to [MTI0, Theorem 2.4], it suffices to show that the dual action a: G
M %, G is approximately inner and centrally free. Note that M x, G is a factor. Indeed, we
have

Z(M x4 G) C Z(M x1q G) = Z(M %z G) C Z(M)

and M N (M %, G) = M since every element in M N (M x4 G) is fixed under a = & and the
trace-scaling flow 6.

For any 7 € G, a, is trivial on Z(M/;a/G) C Z(M) Thus, &y has the trivial Connes—
Takesaki module and @, is approximately inner by [MT10, Lemma 7.5, Theorem 7.6(1)].

Suppose @ is centrally trivial. From [MT10, Theorem 7.6(2)], it follows that Qi is inner,
that is, there exists a unitary W € (M/;_Q/G) ® B(H) such that ar = W(-® 1)W*. Since
ax(z) = 2®1 for allz € M, the unitary W belongs to (M'N(M x5G))@B(Hx) = Z(M)RB(H,)
by the strict outerness of a. But éﬂ()\g) = Ay ® g # W(A; @ 1)W* because W is fixed under
ay ® 1 if mod(ay) = 1. This is a contradiction, and hence we have &, is centrally non-trivial.

(2): By [Iz03, Corollary 5.10], such an action « is unique up to conjugacy. Hence a and
a ® v are conjugate and they have the Rohlin property. O

3.3. Examples and applications.

Example 3.11. Let ¢ be a faithful normal state on the AFD III; factor R... Restrict the
modular action 0¥ to a countable subgroup I' < R, and we have a crossed product M =
Ry Xgs¢ I'. The dual action I' ~ M has the Rohlin property since it has a faithful Connes—
Takesaki module.

Example 3.12 (non-example). Let M be a factor of type III, and ¢ an almost periodic state,
namely, G == 0?(R) C Aut(M) is compact. Then G ~ M does not have the Rohlin property.

Proof. Any modular actions are centrally trivial. O

Let N C M be an irreducible inclusion of II; factors. For ¢ > 0, we define the amplified
inclusion by Nt = p(N®@M,,)p C p(M @ M,,)p = M*, where n >t is an integer and p € N @ M,
is a projection such that (7 ® Tr)(p) = t. The isomorphism class of the inclusion N* C M?
does not depend on the choice of n and p. The relative fundamental group is defined by
FINCM)={teR}:(NCM)=(N' cM}.
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If N = MP for some minimal action 3: G ~ M, then we also consider the reduced action
Bt G ~ M, that is, B} (z) = (B ® idm, ) () for z € M" = p(M ® M, )p. This depends only
on t > 0 up to conjugacy.

Corollary 3.13. Let f: G ~ M be a Rohlin action of a compact group on a McDuff factor
of type 1Iy. Then F(MP c M) = R% . Moreover, for any t > 0 there exists an isomorphism
o: M — M such that oo ft oo™ ! = 3.

Proof. Let v: G ~ R be the minimal action. By the uniqueness theorem, for any ¢t > 0 there
exists an isomorphism o: R — R’ such that 0 oy? oo ~! = 7. In general, consider ®~ instead
of B, and idy; ®o intertwines so that (B®7y)! =@ ~ B ® 7. O

Corollary 3.14. Let a and B be Rohlin actions of a compact group G on an AFD factor M.
Then o and 3 are conjugate if and only if mod(a) = mod(f3).

Proof. By [KST92, Theorem 1(i)], the condition mod(c) = mod(3) implies that 3, 0 ;! €
Int(M) for all g € G. Thus, Theorem completes the proof. O

4. COHOMOLOGY VANISHING

4.1. 1-cohomology vanishing. There are several known results on the vanishing of 1-coho-
mology. For instance, Connes’ 2 x 2 matrix trick is effective for minimal actions of compact
groups on finite von Neumann algebras. See [[z03, Proposition 5.2] for a general treatment.
For Rohlin flows and actions, the approximate vanishing of 1-cohomology is also known. In
contrast, for compact group actions, we establish the strict vanishing of 1-cohomology for
Rohlin actions.

Theorem 4.1. Let G be a compact group and a: G ~ M be an action on a factor M. If «
has the Rohlin property, then every a-cocycle is a coboundary.

Proof. Let v be an a-cocycle. We fix a faithful normal state ¢ on M. First we claim that for
every € > 0 and unitary w € U(M), there exists w € U(M) such that

/G 1@ (vgag(w) —w)[|Fdg < e, [a(w—1)|F < /G 1@ (vg — D)IIE dg +e.

Let W € M ® L*(G) C M be given by W(h) = v,. Then we have [vgoq(W)|(R) =
vgag(W(g™1h)) = v, = W(h) and hence vgay(W) = W,

la(W - 1|2 = /G (0, — 1|2 dg.

Take a unitary representing sequence (w”), of W and the claim follows for some w = w" by
Lemma [1.10
Next, from the above claim, we inductively construct a sequence of unitaries w®, by letting

'U(O) e ’U, w(o) = 17 Uén) — (w(nfl))*'U!(]n_l)ag(w(nfl)) and w(n 1) — w(o)w(l)...w(nfl) =
W™Dy We choose a unitary w™ such that

/uw“l (g (™) — w™)|2 dg < 2771,

[ () — 122 < / [ D — 1|2 dg + 27"
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Then the sequence (@(™),, converges to some unitary w € U(M). Indeed, we have

[+ = G = 7 () - 1))

/”w n+l )Hﬁ2dg+2—n 1
= / @D (g g (w™) = w™)|E dg + 27" <27
G

Hence we see that ﬁ(”_l)(vén)ag(w(”)) —w™) = vy, (™) — T™ tends to vyay(w) — w, and
this is exactly zero. O

4.2. Cocycle actions. Sutherland has shown that any cocycle action on a properly infinite
von Neumann algebra is a unitary perturbation of a genuine action. Specifically, every 2-
cohomology vanishes in the following cases.

Proposition 4.2 ([Su80, Theorem 4.1.3]). Let (a,u): G ~ M be a cocycle action. If either
M s properly infinite, or G is finite and M is of type 11, then u is a coboundary.

In this subsection, we always assume that M is a IT; factor and let || - ||2 denote the canonical
2-norm on M and M¥. Recall that a cocycle action («,u): G ~ M on a factor is called strictly
outer if M' N (M x4, G) = C holds, in analogy with actions.

Proposition 4.3. If a cocycle action (a,u): G ~ M has the Rohlin property, then u is a
coboundary.

Proof. First we claim that for any e > 0, there exists a Borel map v: G — U(M) such that

I vegonugng = 1dgan<e. [ o= 1i3ag< [ Jugn-13dgan+e.

To prove this, we define a map V: G - U(M ® L*(G)) CU(MY) by Vy(h) = u* By the
2-cocycle identity, it follows that

9,9~ 'h’
[Voag(Vi)ug nVipl (k) = g g0 (up, 113 ) g hthgn h=1g-15 = 1

S =g = [[ a1 dgan.
G GxG

Take a representing sequence (v”), of V' by Lemma and put v = v” for suitable v. This
proves the claim.

and

Now we can find a sequence of Borel maps v(™: G — U (M) such that if we put ago) = ayg,

ugy = g, 0 = Ad(vy") 0 o and ufly " = o ag (v} Jug) (of3))*, then

]I e )y~ i dgan <2
X

/GHU;’U —1|3dg < //GG Hu(;}z —1|2dgdh 422 <27,

The second inequality means that lim,, oo v - - - @y converges to some Borel unitary map
v: G = U(M). We can check that vgag(vp)ug vy, =1 and this completes the proof. O

Remark 4.4. Furthermore, if the 2-cocycle w is close to 1, then we can choose a cochain v
staying close to 1. See [MT16, Theorem 5.5].

As a conclusion, we obtain the following theorem.

Theorem 4.5. Let (a,u): G ~ R be a cocycle action of a compact group G on the AFD 11,
factor. If (a,u) is strictly outer, then u is a coboundary.
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Proof. Let @ be a separable factor of type I. Consider (a ®idg,u® 1): G ~» R® Q. Since
R ® @ is properly infinite, the cocycle u ® 1 is a coboundary and (o ® idg, u ® 1) is perturbed
to some strictly outer (hence minimal) action. Recall that such a minimal action on the AFD
II factor R ® @ is unique up to conjugacy (Theorem . Therefore (o ® idg,u ® 1) has the
Rohlin property.

Since (R ® Q)w,a = Ru,o contains L*°(G) equivariantly, it then follows that (o, u) also has
the Rohlin property. The last proposition completes the proof. O

Corollary 4.6. Let ao: G ~ M be a Rohlin action of a compact group G on a factor M and
c € Z*(G;T) a 2-cocycle. Then the cocycle crossed product M Xa,c G is 1somorphic to M x4 G.
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