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Abstract: We study the reducibility of multiplication operators defined by quasi-
homogeneous polynomials on the weighted Hardy space H?(w,d). The study of
these operators essentially reduces to that of the parameterized multiplication oper-
ators M, 4 qw for a € (0, +00). By employing determinant techniques and algebraic
methods, we prove that the operator M, ., is reducible for at most a countable
subset of a. Furthermore, we construct examples to show that such a set of « can
be empty or a singleton. Our results also provide support for a conjecture due to
Guo and Wang on the reducibility of M, ,,.

Keywords: Weighted Hardy spaces; Multiplication operators; Reducibility.
2020 AMS Subject Classification: 47B37; 47C15.

1. INTRODUCTION

The study of reducing subspaces of multiplication operators on function spaces
represents one of the central topics in operator theory, closely related to the struc-
ture of von Neumann algebras. Since the 1970s, this field has undergone two signif-
icant developmental phases. The first involved early research focused on the com-
mutants and reducing subspaces of multiplication operators on the Hardy space
H?(D) over the unit disk (see [1, 2, 3, 27, 26]), while the second phase began
with Zhu’s conjecture regarding the minimal reducing subspaces of multiplication
operators induced by finite Blaschke products. This breakthrough significantly ad-
vanced research on related problems in Bergman spaces and other function spaces.
Along this research trajectory, substantial results have emerged over the past four
decades (see [4, 6, 7, 9, 10, 11, 12, 13, 15, 18, 24, 25, 29, 30, 31]), and a compre-
hensive overview can be found in [14]. The characterization of reducing subspaces
for multiplication operators induced by general multivariate symbols has emerged
as a research focus. We draw the readers’ attention to [19, 21, 20, 5].

Among various multiplication operators, those induced by the polynomial p(z, w)
= zF +aw! (a # 0) are of special interest. Wang, Dan, and Huang [28] investigated
the reducing subspace structure of multiplication operators defined by polynomials
of the form az¥ + Bw'. This essentially reduces to the situation of z* +aw' (a > 0),
where it is shown that if p, = 2* + aw' with 0 < o < 1, then the von Neumann
algebra V*(p) (= {Mp, M;;}') is abelian and of dimension kl [28]. For a = 1,
the situation is completely characterized in [5]. Subsequently, Guo and Wang [17]
systematically established the theory of graded structures induced by operators on
Hilbert spaces. By applying S-calculus (see Section 2) to any bounded operator
T, they generate a family of operators {S™},¢cz. This allowed them to decompose
the Hilbert space H into a homogeneous structure H = @n H,, such that TH,, C
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H,,+1. Using graded module theory, they made new discoveries regarding reducing
subspaces for generic operators.

We follow the notation in [16]. Let w = {wo, w1, -+ ,wn, -} be a sequence of
positive numbers. The weighted Hardy space H?(w) is the Hilbert space of analytic
functions f(z) =Y -, axz" equipped with the norm

oo
I£12 = wilax]® < oo.
k=0

. 9 2"
Setting w, = [|2"]]?, the set {

N :n > 0} forms an orthonormal basis for H?(w).

Each function f(z) = Y ;o ax2” in H*(w) is analytic on {z € C: |z| < R}, where
R = liminf(w,)'/™ (see, for example, [23, Theorem 10]).
n— oo

For a sequence § = {6, } of positive numbers, we can define H?(4) in an analogous
way. We identify the tensor product space H?(w) ® H?(J) with the Hilbert space
of analytic functions in two variables f(z,w) = Z;?l:() ap ZFw! equipped with the
norm

o0
1£12,6 = Y wrilaw|® < oo,
k=0

For brevity, we denote H?(w) @ H?(§) by H?(w,d). Our main focus is on the
reducibility of multiplication operators defined by quasi-homogeneous polynomials
on the weighted Hardy space H?(w,d). Recall that for positive integers m,n with
ged(m,n) = 1, a polynomial p(z,w) = Y a; ;2'w’ is called quasi-homogeneous with
the weight (m,n) if there is a positive integer L such that mi+nj = L for all (4, j)
with a; ; # 0. This integer L is called the degree of p with respect to the weight
(m,n). The polynomials of the form z* 4 aw! are quasi-homogeneous.

The following example shows that the study of multiplication operators defined
by quasi-homogeneous polynomials on H?(w,d) is reduced to a specialized class of
multiplication operators.

Example 1.1. Let m and n be positive integers with ged(m,n) = 1, and let q be a
quasi-homogeneous polynomial in Clz,w] with weight (m,n) and degree L. We will
show that if L > 2, then M, is reducible on H*(w,§).

To see this, let M be the closed span of all polynomials p of degree kL for k =
0,1,2,---. It is routine to verify that M is invariant under both My and My,
since My acting on a polynomial of degree kL increases its degree by L, while My
decreases its degree by L. Since L = mi + nj for some nonnegative integers i,j
with ged(m,n) = 1, and L > 2, it follows that at least one of m and n is not a
multiple of L. Otherwise, we would have ged(m,n) > L, which is a contradiction.
Therefore, either z ¢ M or w ¢ M. This implies that M is a nontrivial reducing
subspace of My, ensuring the reducibility of M,.

If L = 1, it is immediate that q must be a linear combination of z and w.
Therefore, it suffices to focus on the case where q(z,w) = z + aw for some o €
C\{0}. Without loss of generality, we may restrict our attention to « € (0, +00).

Note that for o € (0,400), M, a0 is reducible on L2(D?) if and only if o = 1
(see [5, 28]). It is reasonable to raise the following question:

For a in (0, +00), is it true that M,y o is reducible on H?(w, ) for at most a
Lebesgue null set of o ?
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Throughout this paper, we assume that the operators M, and M,, are bounded.
Specifically, this requires the following conditions on the weight sequences:

w 1)
sup “ntl 50 and sup mtl

n  Wn m m

< oo. (1.1)

The following is our main result, which provides an affirmative answer to the above
question.

Theorem 1.2. Under the assumption (1.1), for a € (0,400), the multiplication
operator M, | ., is reducible on the weighted Hardy space H?(w,d) for at most a
countable subset of o, which may be empty.

Let Q. denote the set of all non-commutative polynomials in Mo, and M7, ..

If M.4qw is irreducible, then {M, qu, M, .}’ = CI. By the von Neumann

z
Bicommutant Theorem, the strong operator topology (SOT) closure of Q,, satisfies:

Q™" = {Metaw, My} = (CI) = B(H(w,9)).
Therefore, under the assumption (1.1), Theorem 1.2 implies that for all but count-
ably many « € (0, +00), each operator in B(H?(w,§)) can be approximated in SOT
by a net of non-commutative polynomials in M 4. and M7, ., from Q.

For a weighted sequence {a, }22, with a,, > 0, we define the unilateral weighted
shift operator A by Ae,, = apen11 for n > 0, where {e,, : n > 0} is an orthonormal
basis of a Hilbert space H. Let B be another unilateral weighted shift operator on
a Hilbert space K. Then, for any a € C, the operator A ® I + ol ® B is unitarily
equivalent to M, 4, on H?(w,d). With this notation, Theorem 1.2 can then be
restated as follows: for a € (0,+00), the operator A I + ol ® B on H® K is
reducible for at most a countable subset of a.

This countable set in Theorem 1.2 can be either empty or a singleton (see Sub-
sections 5.1 and 5.2). However, we have not yet identified such a set containing two
distinct points in (0, +00). The difficulty in this investigation is partially attributed
to Conjecture 4.8 in [17], stated as below.

Conjecture. The operator M., on H?*(w,§) is reducible only if w ~ &; that is,

w 1)
ntl _ ol forn > 0.
Wp On

Remark 1.3. Observe that for ay,as € (0,400), the operators ay M, and agM,,
are not unitarily ~equivalent, a7~1d that aM,, can be represented as M,, on some
Hilbert space H*(6(x)), where 6() is a weight depending on . Therefore, M, is
unitarily equivalent to aM,, for at most one o € (0,400). Consequently, if this
conjecture holds, then on the space H?(w, ) the operator M,y ., is reducible for at
most one point a € (0, +00). Conversely, if there existed a Hilbert space H?(w,d) on
which M4 au is Teducible for two distinct points a € (0,+00), then this conjecture

would fail.

Remark 1.4. A unilateral weighted shift A is called simple if its weights satisfy
certain conditions. Specifically, for the multiplication operator M,, on H?(5) this
condition exactly requires P(n+1) — P(n) # 0 for n > 1 (where P(n) is defined in
Section 2).

Guo and Wang proved that the aforementioned conjecture holds for simple uni-
lateral weighted shifts [16].
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The proof of Theorem 1.2 relies on the following result, established through
determinant-based techniques and algebraic methods.

Theorem 1.5. Suppose there exists k > 2 such that
P1)=P2)=---=P(k—1)=0 and P(k)#0.

Then for a € (0,+400), M, yaw is reducible on the weighted Hardy space H?(w,d)
for at most a countable subset Ay of c.

The paper is organized as follows. Section 2 presents some preliminaries. Section
3 proves special cases of Theorem 1.5 as illustrative examples. Section 4 contains the
proofs of Theorems 1.5 and 1.2. Finally, Section 5 demonstrates through examples
that the countable set in Theorem 1.2 can be empty or a singleton.

2. PRELIMINARIES

First, we introduce some notations. For a fixed a > 0, set p, = z + aw, and
. =M, + aM,. We define

T = [M;Q’Mpa] = M;a Mpoc - MpaM;a'
By computation, we have
T = (MM, — M._M})+ o*(M} M, — M,M?).

For m > 0, we define

M

p

plm) = L gy = Dot

b
Wm Om

and set

For all n € Z, we define

Vo(n) = ¢(n) —p(n—1), Vip(n) =4(n) —¢(n—1).
Note that
Vo(0) = ¢(0), V¥ (0) =4(0).
Furthermore, for n > 1, we define
V2p(n) = Vip(n) — Vip(n — 1).
Rewrite P(n) = V¢ (n).
Lemma 2.1. With the above notation, for all m,n > 0,
Tz"w"™ = Ao (m,n)z"w",
where
Aa(m,n) = V(m) + a?Vi(n).
Proof. For m > 1, there exists a constant c¢,, such that
M:z" = cp2™ L
To determine the constant ¢,,, we proceed as follows
1277 = (Mz2™71,2™) = (T MI2™) = (T en™ T = el 2T
which yields
L
et

Wm

Wm—1
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Similarly, for n > 1 we have

Now, for m,n > 0, we have

[M}, M, ]z"w"™ = M;M,2"w™ — M, M} z"w"

_ <°"M+1 _ w) M
W, Wm—1

Similarly,
[My,, My]z"w™ = <5g:1 — 5;5”1) 2"
Therefore,
T2"w™ = [M}, M. ]2 w" + o*[M}, M) 2™ w"
= Vip(m) +a®Vi(n)
= Aa(m,n)z"w",
where we adopt the convention that w‘*’—fl = 6(%01 =0. O

Let Z denote the set of non-negative integers. Following [5], for each subset F'
of H?(w,§), for fixed o define SF to be the closed span of

{H Mjx Myoea zig, i € Zy, Y (ik — ji) = 1w € F} :

k=1 k=1

For each r € Z,., we define
E, =span{z"w™ :n+m =r}.

It is easy to show that dim E, = r+ 1 and H?(w,d) = @, E-. Furthermore,
SE, C E,, for every r € Z,. Following [5], we define an equivalence relation ~
on Zi by

(m,n) & (m/,n’) if and only if A\y(m,n) = Ao (m',n’).
The following lemma is from [28], and we include a proof for completeness.
Lemma 2.2. [28, Lemma 3.4 Let r € Z4. If

(r+1,0)~(r1) <2 (1,r)~ (0,7 +1) (2.1)

does not hold, then SE, = E,41.

Proof. The proof comes from [28].
Assume that (2.1) fails for some r € Zy. Clearly, SE, C E,;1. To establish the
reverse inclusion, it suffices to show that

dimSE, > r+2=dimF,
We first assume r > 1, and will prove that TM, 4o (E;) € M,taw(E,). Suppose

to the contrary that TM,yaw(Er) C M,taw(Ey) for r € Z,. Then, for all j =
0,1,...,r, we have

T{(z + aw)(zrfjwj)} € M.t auw(E;).
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Recall that the action of T is given by

T2"w"™ = Ao (m,n)zmw"

m,n € Z.
Thus, we compute
T{(z + aw)(z" 7w} = T(z" 7 w!) + aT(z" T w)
=Aa(r— 7+ 1,5)2" 7wl 4 ad(r — 4,5+ 1)2" Tt

=c1(z 4 aw)w" + ca(z 4+ aw)zw" -+ g1 (2 + aw)z”

When j = r, this becomes

T{(z + aw)(z" 7w} = Aa(1,7) 20" + aXg (0,7 4+ 1)w" !

=c1(zw” + aw™™) + (P azw”) + e (27T 4 a2’ w).

Now suppose Ay (1,7) # Ao (0,74+1). Then comparing coefficients forces co # 0, c3 #
0,---,¢r41 # 0. This leads to a contradiction. Therefore, Ao (1,7) = Ao (0,7 + 1);
that is, (7 +1,0) < (r,1). Similarly, we obtain
(r+1,0)~ (r,1) <~ < (1,7) ~ (0,7 + 1)
to reach a contradiction. Hence, T M, o E\ ,(Z M+ owEr, and we conclude
dim(SE,) > dim(M,quw(E))+1=r+2, r>1.

Therefore, SE, = E,11.

Now consider the case r = 0. By (1,0) % (0,1), it is straightforward to verify

that M, 441 and T'M, 4, are linearly independent in SEy. Then it follows that
SEy = Ey. The proof is complete. ([l

The following is from [28, Lemma 3.1].

Lemma 2.3. If M is a reducing subspace for M, satisfying dim M &SM = 1, then
M is a minimal reducing subspace. Consequently, if SE, = E,1 for r > 0, then
M, is irreducible.

By induction, we can prove the following.
Lemma 2.4. If P(1) = P(2) = --- = P(k) = 0, then (i) = (i + 1)¥(0) for all
1<i<k.

Proposition 2.5. Suppose M, is bounded. Then P(n) cannot be identically zero
foralln > 1.

Proof. Assume M, is bounded. Then
div1
su
izg 0
If P(n) = 0 for all n, then in particular P(1) = P(2) = --- = P(k) = 0 for all k.
Then Lemma 2.4 implies

P(i) = (i + 1)¥(0), for all ¢ > 1.

< o0.

Recall that

0 ]
vi) = 7= and $(0) = =
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Substituting these into the above gives

0 1)
L i+ 1)L, forall i > 1.
0; do
But the right-hand side grows unbounded as ¢ — co, contradicting the boundedness
of M,,. Hence P(n) cannot be identically zero. O

3. SOME SPECIAL CASES FOR THEOREM 1.5

In this section, we discuss the cases k = 1,2 and 3 for Theorem 1.5. Recall that
Doz, W) = z + aw, a € (0, +00).

Example 3.1. Suppose P(1) # 0. Define the set

Ar = f{a € (0,400) | a? = V%"é:/}z;)_‘ JS’;(T)

Then for o € (0,+00), M, is reducible on H*(w, ) only if a« € A;.

for some r € 7, }.

Proof. For each a € (0,+00) \ A1, we have

Vo(r+1) — Vo(r) # a®(Vip(1) —(0)) for all r € Z,..
Rewriting this inequality yields

Vo(r 4 1) + a?(0) # Vo(r) + a®Vep(1)  for all r € Z,

which implies (r + 1,0) % (r,1) for all r € Z.

By Lemma 2.2, it follows that SE, = E,.1 for all r > 0. Then applying Lemma
2.3, we conclude that the multiplication operator M, is reducible on H?(w,§) only
ifa € Ay. U

Example 3.2. Assume P(1) = 0 and P(2) # 0. Then there exists a countable
set Ay such that for a € (0,+00), the multiplication operator M, is reducible on
H?(w, ) only if a € As.

Proof. By Lemma 2.3, to prove that M, is irreducible on H?(w, §) for a € (0, +00)\ Az,
it suffices to show that SE, = E, ;1 for all » > 0 and such a.
Define the set

o Vo(r) = Ve(r—1)

Az = {a € (0,+00) | Vip(2) — V(1)

for some r > 1}.

For a ¢ Agq, we have for all » > 1 that
Ve(r) = Ve(r —1) # o*(Vi(2) — Vi(1)),

which implies
Vo(r) + a®Vip(1) # Ve(r — 1) + o*Vip(2).
Therefore, (r,1) % (r—1,2) for all 7 > 1. By Lemma 2.2, it follows that SE, = E,

for all » > 1.
It remains to show that SEy = F,. Consider the functions

M, 1=z+ aw,
M2MS 1= M2, (2° + 3az*w + 3a”20* + o’w?)

= Dlz + DQU],
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where

0 o
Dy = 25220 3t 2
w1 w1 50 (5()

= (2)¢(1) + 60 p(1)1(0) + 3’4 (1)¥(0),

1) 1)
Dy =32 4602252 4 o522
wo wo 01 01

= 3ap(1)p(0) + 60’ (0)1(1) + a9 (2)(1).
If M, 1 and M;‘fM;’ 1 are linearly independent, then dim SEy > 2. Since SEy C

B, and dim E; = 2, it follows that SEy = ).
Now, to reach a contradiction, we assume they are linearly dependent. Then the

determinant

J= ’ Dll 5‘2 —0.
Computing this determinant gives
J = Dy —aD;
[ (2)3(1) = 3¢ (1) (0)]a® + [6p(0)1(1) — 6ip(1)9(0)]a®
+Bo(1)e(0) — (2)p(1)]a (3.1)
= 0.

By Lemma 2.4 and the assumptions P(1) = 0 and P(2) # 0, we have

P(1) =2¢(0), and  P(2) = (2) = 2¢(1) +¢(0) = (2) — 34(0) # 0.
Therefore, the coefficient of ® in (3.1) is

P(2)9(1) = 34(1)9(0) = ¢ (1)((2) = 3¢¥(0)) = 2¢(0)(¢(2) — 3¢(0)) # 0.

Hence, J = 0 for all but finitely many values of a.. Let Ao denote the finite set of
exceptional cases.
For a ¢ Ay, the vectors M), 1 and M3? M3 1 are linearly independent. More-

over, as discussed earlier, we have SEy; = FE;. Taking Ay = A U Ay, we
conclude that the multiplication operator M,_ is irreducible on H?(w,§) for all
a € (0,4+00) \ As. That is, M, is reducible on H?(w,d) only if o € As. O

Remark 3.3. From the above calculations, under the conditions P(1) = 0 and
P(2) # 0, the functions M, 1 and M;fMSal are linearly independent. However,
M, 1 and M;aMgal are linearly dependent. Therefore, in the preceding proof we
replace M Mgal by M;‘fMg’a 1.

Example 3.4. Assume P(1) = P(2) = 0 and P(3) # 0. Then there exists a
countable set As such that for each a € (0,+00), the multiplication operator M,
is reducible on the weighted Hardy space H?(w,§) only if o € Aj.

Proof. Define

At ={a € (0,+00) | o = W(%(;; - ;ii;{ :

For a € (0, +00) \ A3, we have for all » > 2 that
Vip(r — 1) = Ve(r — 2) # o*(Vy(3) — Vi(2)),

for some r > 2}.



ON IRREDUCIBILITY FOR A CLASS OF PARAMETERIZED MULTIPLICATION OPERATORS

which implies
Vo(r —1) + a?V(2) # Vo(r —2) + o>V (3).

Thus, the relation (r — 1,2) % (r — 2,3) holds for all » > 2. By Lemma 2.2, we
obtain SE, = E,;1 for all r > 2.
We now demonstrate that

SEy = FE; and SE| = E,
First, we prove SEy = E;. Consider the functions M, 1 and M;*M;} 1. We have
M, 1=2z+aw,
MMy 1= M2, (2" + 402w + 60%2°w® + 40’ 20° + otw?)

= Dlz -+ DQU],
where
1) ws O 1)
D — 12 2 3 1 1 472 2 4 6Y3
! w1 + w1 60 Ba w1 60 (5()
= 0(3)p(2)(1) + 120%¢(2)p(1)1(0) + 18a* (1)1 (1)1(0) + 4ap(2)¢(1)¢(0),
Dy — 402 418034292 | 19qp®1 08 | (7%
wo Wwo 01 wp 01 51

= 4ap(2)p(1)(0) + 18a%p(1)p(0)1 (1) + 120°0(0)y(2)1(1) + a’¥(3)1(2)1(1).

We show that M), 1 and M;SM;}QI are linearly independent. Once this is estab-
lished, we have dimSFEy > 2. Since SEy C E; and dim F, = 2, it follows that
SEy = E;.

Suppose, for contradiction, that M, 1 and M;fM;}ul are linearly dependent.

Then
1 o

7= by Do) =

Computing the determinant yields
J = 1(2)p(1)((3) = 49(0))a’ + 6¢(2)1(1)(2(0) — 3p(1))a’
+60(1)p(0)(31(1) — 2p(2))a” + ¢(2)p(1)(4 ( ) —¢(3))a = 0.
By Lemma 2.4 and the assumptions P(1) = P(2) =0 and P(3) # 0, we have
P(1) =2¢9(0), $(2) = 3¢(0),
and moreover,
P(3) =¥(3) — 2¢)(2) + ¥(1) = ¢(3) — 49(0) # 0.
Hence, the coefficient of . is nonzero. Therefore, the equation has at most seven
solutions. Let Ajgs be this finite set. Then for o ¢ Aso, M, 1 and M;jMéal are

linearly independent, which leads to that SEg = Ej.
Next we show SE; = F5. Consider the functions

— 2 _ 2
My, z=2"+oazw, M, w=zw+aow”,
and
*2 3 *2
M,"M, w= M

22 aw(ZPw + 3az?w® + 30”20 + oPuwt)

=122 + Chzw + ngQ,
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where
o w301 o 302
C) = 2aw2 % + 3« %
= 2a¢(2)1(0) + 3a’P(1)(0),
Cy=2 4 6022202 | 512
w1 wo (51 51
= 0(2)p(1) + 6a’p(1)1(1) + 3t (2)9(1),

1) 1)
O3 =302 4602222 4 5%
wo wo 2 02

= 3ap(1)p(0) + 60’ (0)1(2) + @’ (3)(2).
If M, z, M, w, and M;fMgaw are linearly independent, then dim SFE; > 3. Since

SE; C Ey and dim E, = 3, it follows that SE; = Fs.
Suppose they are linearly dependent. Then the coefficient determinant satisfies

N 1 a 0
J=10 1 a«a|=0.
C, Cy Cs

Expanding along the first row gives
J = C3 —aCs + a?Cy
= [3p(0)¢(1) = (1)p(2)]er + [60(0)1(2) — 6(1)1(1) + 20(2)w(0)]e”
+[1(3)1(2) = 3%(1)1(2) + 3%(0)¢(1)]a” = 0.

Again, the coefficient of o is nonzero. Thus, J = 0 except for finitely many «. Let
Asz be this finite set. Then for o ¢ Aszz, My, z, My, w, and M;‘fM;’aw are linearly
independent. Furthermore, we have SE; = Fs.

Let A3 = As; U A3z U A3z be a finite set. Then for all a € (0,400) \ A3z, we
have SE, = E,; for all » > 0. By Lemma 2.3, the multiplication operator M, is
irreducible on the weighted Hardy space H?(w,d) for a € (0,+0o0) \ Az. That is,
M, is reducible on the weighted Hardy space H?(w, ) only if a € As. a

4. PROOFS OF THEOREM 1.2 AND 1.5

4.1. Some preparations. For the proof of Theorem 1.5, we establish some lem-
mas.

The following lemma establishes that the (k + 1)-th backward difference of a
degree-k polynomial is identically zero, mirroring the analogous result for forward
differences (see [8, Section 5.3], for example).

Lemma 4.1. Let f be a polynomial of degree at most k. Then its (k + 1)-th
backward difference vanishes; that is,
k+1
(k+1
v =3

]
=0

)ﬂy—nzo. (4.1)

Proof. For k = 0, we have
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and for k =1,

2
. (2 .
v = Y ()i
i=0
= fy)—fly-D-Uly-1)-fly-2)
= VI@)-VIily-1)=V(V)IY).
By induction, we can show that
k+1
v =3 (]
i=0
that is, VA1 f = V(VFf).
Using this property and the linearity of the backward difference operator V, by
induction we have V**!f = 0 for every polynomial of degree at most k. The proof
is complete. ([l

)f<y i) = V(Y ();

7

For integers k and ng with 2 < k < ng, define S(k,ng) by
k+1

k—1
S(k,no) = Z(—l)i <k Jlr 1) H Y(ng —i—m).
m=0

i=0
Recall that in the above equation (—1) = ¢(-2) =--- = 0.
Lemma 4.2. Suppose there exists ng > 2 such that
P(1)=P(2)=---=P(ng—1)=0 and P(ng) #0.

Then
7’L0!

S(k,ng) = ¢(0)k_1m

where P(ng) = ¥(ng) — (no + 1)1(0).
Proof. Define

P(no),

k—1
Q(i) = [[ v(o—i—m), i>o0.
m=0
For i = 0, we compute

=1p(no) | | [(no —m +1)¢(0)]

k—1
= ¥(no)(0)* ! T (no —m+1).
m=1
For1<i<k+1,sinceng—i—m<ng—1forall 0 <m <k —1, we have
k—1 k—1 k-1
Q) = ] ¢no—i—m) = ] [(no—i—m+1)p(0)] = &(0)" T[] (no—i—m+1).
m=0

m=0 m=0
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Thus
k+1
(k+1
S(k = 1)’
o) =30 ("7 )aw
k+1
(k+1
=Q(0 -1) ;
Q! >+;< ("7 ew
k+1 1 k—1
=1(n leno—m—f—l +Z < >1/J(O)kH(n0—i—m+1).
m=0
The falling factorial is defined as y*=L = y(y — 1)--- (y — k + 2) for y € R. This is
a polynomial of degree k — 1 in y. Note that the first term can be rewritten as
k—1
_ 1 k=
$(no)p(0)F ! T (no = m +1) = v(no)u(0)~'ng—
m=1

For the second term, let yg = ng + 1,

k+1 k—1 k+1
S0 (T e T im0 = S0 (V7 w0k - o

]

=1 m=0 =1
Thus,
k-1 k=1 kkﬂ i(k+1 Nk
Stkne) = w0y 0)* g 4+ w0 -0 (") - o
=1

Consider the sum

k+1
(k+1 .
S0 (FT - i,
i=0 !
By Lemma 4.1, we have the (k+1)-th backward difference of a degree-k polynomial
is zero, we have

S (k=

=0
Hence,
k+1
(k1 , k+1
S0 (T -t == (U om0 =
=1

Substituting yo = ng + 1 gives

k+1 k—1
Z <k+1)Hn()—l—m+1):—(n0+l)k
i=1
Therefore,
Sk, mo) = (o) (0)F~ ng— = 1(0) (mo + ¥

= 0(0)* ng— T (o) — (o + 1)¢(0)]

- k—1 ’I’L()!
where the last equality follows from P(ng) = ¥(ng) — (no + 1)¥(0). The proof is
complete. [

P(no),
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4.2. Proofs of Theorem 1.2 and 1.5. For convenience, we restate Theorem 1.5
as follows.

Theorem 4.3. Suppose there exists ng > 2 such that
P(1)=P2)=---=P(ng—1)=0 and P(ng) #0.

Then for a € (0,400), M, 4oy is reducible on the weighted Hardy space H?*(w,?)
for at most a countable subset A, of c.

Proof. For the cases ng = 2 and ng = 3, we refer to Examples 3.2 and 3.4, respec-
tively. In general, let o € (0, +00). By Lemma 2.3, to show M, is reducible on
the weighted Hardy space H?(w, ) for at most a countable subset of «, it suffices
to prove for all such « outside a countable set, the equality SE, = F, 1 holds for
every r.

We first establish this for all a outside a countable set, and all » > ng — 1. To
see this, define the set

Vo(r —nog+2) — Vo(r —ng + 1)
Vip(ng) — Vip(no — 1)
For every o ¢ Ay, 1, we have for all r > ny — 1 that
Ve(r —ng +2) = Vo(r —ng + 1) # (Vi (ng) — Vip(ng — 1)),
which implies
Vo(r —no +2) + a®Vp(ng — 1) # Vo(r —ng + 1) + a*Vah(no).
Consequently, the relation (r — ng + 2,n9 — 1) % (r — ng + 1,n9) holds for all
r > no— 1. By Lemma 2.2, it follows that SE, = E,;; for all r > ng — 1.
We now turn to the case where r < ng — 1. That is, we will invoke Lemma 4.2

to prove that SE,,_; = E,,—x+1 for each 2 < k < nyg.
Consider the operators

A1 ={aeR | o? =

for some r > ng — 1}.

*xk k+1
My, and M, M;"",
acting on the monomials ziw? (with i + j = ng — k) and w™ %, respectively. By
direct computations, we have
Mpaz’ﬂo—k — Zno—k}-‘rl + azno—kw7

M, 2"y = 20 Ry 4 o TR 1y

)

Mpaw’ﬂo—k — ano—k + awno_k+17
Kkt
Mng;:_lwno_k — M:Jliaw Z ( ) >O[]Zk+1_Jw”0_k+],
=0
_ —k+1 —k —k+1
:Dlzno + +D23n0 w+"'+Dn0—k+2wno + )
where Dy, Da, -, Dy,—k42 are the corresponding coefficients. If these ng — k + 2
functions are linearly independent, then

dimSEnO,k >ng—k+2=dim En07k+1.

Since SEn,—r € Epo—k+1 and dimE,, 41 = no — k + 2, we conclude that
SE’VLQ—]C = Eno—k+1'
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To reach a contradiction, we assume these functions are linearly dependent. Then
their coefficient determinant necessarily becomes zero. That is,

1 a 0 .- 0 0
0 1 a e 0 0
J=|1 1o . |=0
0 0 0o - 1 «
Dy Dy D3 -+ Dpygy1 Dngkyo
Observe that the highest power of «in Dy, Da, ..., Dy, 42 arises from the operator
Mk applied to the sum

Iil <k Jr 1) o Rt 1—d o —k+j
=0~ Y
The leading term «?**! in J is determined by the highest-order coefficients in «
from Dl, Dg7 e aDno—k+2~

Expanding the determinant J along the first row gives

no—k+1
J = Z (=1)"@ Dry—kt2—i,
i=0

a polynomial in « of degree at most 2k + 1. The coefficient of a?**1 is
k+1 k+1 k—1
~ (k+1 On, +1—i k+1 .
= -1) — = -1) —i—m).
Stkne) = >0 (* 7 ) e S ey (YY) T vt - m)
i=0 0 i=0 m=0
By Lemma 4.1, we have

n()!

S(k,mo) = $(0)" ™ -

' P(no),

where P(ng) # 0. Thus §(/€, ng) # 0. So the equation J = 0 is a nonzero polynomial
equation of degree 2k + 1, and its solution set A, i is finite. For every a ¢ A, &,
we obtain SE, _x = En,—k+1 for 2 < k < ny.

Now define

no
Ano = U Ano,k'
k=1

Since each A, j is finite, A,,, is a countable set. For every a € (0,+00) \ Ay,

we have SE, = E,1; for all » > 0. Therefore, by Lemma 2.3 the multiplication
operator M, is irreducible on the weighted Hardy space H?(w, ) for this a. The
proof of Theorem 4.3 is complete. (]

We now give the proof of Theorem 1.2.

Proof of Theorem 1.2. By Proposition 2.5, P(n) cannot be identically zero for
all n > 1. There are two cases under consideration.

Case 1. P(1) # 0. In this case, by Example 3.1 we conclude that for o €
(0,400), M, qu is reducible on the weighted Hardy space H?(w,d) for at most a
countable set of a.

Case 2. There exists ng > 2 such that

P(1)=P(2)=---=Png—1)=0 and P(ng) #0.
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Then, by Theorem 4.3, for « € (0, +00), M, 1w is reducible on the weighted Hardy
space H?(w,d) for at most a countable subset of a.
The proof of Theorem 1.2 is complete. O

5. SOME EXAMPLES

5.1. The countable set in Theorem 1.2 being empty. In this section, we will
show that for arbitrary «, the operator M, 4., is irreducible on H?(D) @ L?(D).

Proposition 5.1. For a > 0, the operator M, o, is irreducible on H*(D)® L2 (D).
The proof of this proposition relies on the following lemma.

Lemma 5.2. For all « > 0, we have SE, = E, 1,7 > 0.

Proof. Recall that T = [M}

zt+aw?

Tz"w" = Ag(m,n)zmw™,

M+ qw]. By Lemma 2.1, we have

where
1+ 302, ifm=0, n=0,
%az, ifm>1, n=0,

Aa(m,n) =<1 4 ;oﬂ, ifm=0,n>1, (5.1)
(nfr 1)(n+2)

——? if m>1, n>1.
OGS R

From (5.1), we obtain that for all n > 1,

1 2,1 9

mrDmr 7 2%

which implies (r + 1,0) % (r, 1) for all » > 1. Hence, by Lemma 2.2, it follows that
SET = Er+1.
It remains to show SEy = E;. For this, note that SEy C F;. To prove the
reverse inclusion SEy O FE4, consider the operators
Mp,, M}, M}, MpP M}, € S.

By direct computations, we have

Mp,1=2z+ aw, (5.2)
2
Mp M 1=(1+a%)z+a2+ goﬂ)w, (5.3)
1
MPM} 1= (143a*+a")z+a(3+4a® + 5o/*)w. (5.4)
In view of (5.2) and (5.3), the determinant of the coefficient matrix is as follows:
1

‘ 1 1 :1—§a27é0.

1+ 2+ 3a?

Consequently, for o # 3, we conclude SEy = E;.
Now suppose o = 3. Using (5.2) and (5.4), we find

‘ 1 1 1

a2
14302 +at 3+da?+Lat| =% ~¥ 7270
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ie, o # 1+ b and o # 1 — /5. Since the vectors Mp,1 and M2 M3, 1
are linearly independent when o? = 3, it follows that dinSEy = 2. Therefore,
SEy = E;. (Il

Combining Lemma 2.3 with Lemma 5.2 immediately gives Proposition 5.1.

5.2. The countable set in Theorem 1.2 being a singleton. Let w = {w,, }n>0
be a sequence of positive numbers satisfying

R := liminf(w,)¥™ > 0.

n—oo

In the case when w = §, the space H?(w,d) reduces to the weighted Hardy space
H?(w,w). Here, we define

P(n) = Vi) (n) = 4(0).

Theorem 5.3. Suppose }S(n) # 0 for all n > 1. Then the multiplication operator
M, is reducible on H*(w,w) if and only if « = 1.

Proof. Observe that in the space H?(w,w), we have
Tz"w™ = Ao (m,n)2mw™ = (Vip(m) + a?Vp(n))zmw™
for all m,n > 0. For a # 1, we have
Vi (r +1) —(0) # a*(V(r + 1) — (0))  for all 7 > 0,
which yields
Vib(r + 1) 4+ a2 (0) # (0) + a>Vap(r +1)  for all 7 > 0,

which implies (r 4 1,0) + (0,7 4 1) for all r > 0.

By Lemma 2.2, it follows that SE, = F,; for all » > 0. Then applying Lemma
2.3, for a # 1, we conclude that the multiplication operator M, is irreducible on
H?(w,w). In other words, M, is reducible on H?(w,w) only if o = 1.

It remains to prove that M, is reducible. For this, denote the symmetric and
antisymmetric subspaces of H?(w,w) by H, and H,, respectively. That is,

Hs = {f € HZ(w7w) : f(z,w) = f(w,z)},
and
Hy = {f € H3(w,w) : f(2,0) = —f(w,2)}.
Clearly, H?(w,w) = Hy ® H,. It is routine to check that both H, and H, are in-

variant under both M., and M7, . Therefore, the multiplication operator M, ,,
is reducible on H?(w,w). The proof is complete. O

From now on, w = {wy, }n>0 is such that

R := liminf(w,)"/™ = 1.

n—oo

For such w, the weighted Hardy space HZ(ID) consists of all holomorphic functions
f(z) = ano anz™ on D satisfying
112 = 3 wnlan? < oo.
n>0

The weighted Hardy space H2(ID?) can be identified with the tensor product H2(D)®
H2(D).
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w= {w”: %}nzo'

It can be verified that R = hnrri)ior(l)f(wn)l/” = 1. Rewrite K,(D?) = HZ(D?), which
constitutes a parameterized family of function spaces. Some special cases are note-
worthy. When p = 1, we obtain the classical Hardy space K;(D?) = H?(D?). For
p = 2, the space coincides with the standard Bergman space K2(D?) = L2(D?). For
p > 1, the space ICP(]D)2) is known as the weighted Bergman space on D?. In this
context, the norm of a function f € K,(D?) is given by the L? norm with respect
to the weighted area measure (1 — |z|?)?(1 — |w|?)?dA(2)dA(w) on D?.

Next, consider the weighted Hardy space H2(D?) equipped with the weight se-
quence

For p > 0, put

w=A{wn = (n+1) }n>0.
We call this space the weighted Dirichlet space, denoted by Dp(]D)Q). When p =1,
this reduces to the classical Dirichlet space D(D?) (see [22]).

Lemma 5.4. For p >0, let {w,} be defined by one of the following,
_ nll(p)

(1) wn = Finy

(2) wp = (n+1)". -

Then the sequence {¢(k)}r>o satisfies P(n) # 0 for alln > 1.

Proof. We verify the condition Ig(n) # 0 separately for two cases.

|
Case (1). Let(,un:L(p).VVeshowth:cmtfo1r8L11p>Ozaundnz17
L(p+n)
Vi) —(0) = 2 0
(p+n)(p+n—-1) p" ~

If0 < p < 1, then p—1 < 0 and the denominator is positive. Thereby the expression
is negative.
If p=1, Vi(n) —¢(0) = -1 #0.
If p > 1, suppose for contradiction that
p—1 1

(p+n)p+tn—1) p
This simplifies to the equation n(2p +n — 1) = 0. However, the equation has no
positive integer solutions for n, yielding the desired contradiction.

2 P
Case (2). Let w, = (n+1)?, p > 0. Define f(x) = <x11> for z > 0. Then
x

) +2\* " 1

which implies that f is strictly decreasing. Hence, for n > 1,

Vo(n) = f(n) - fln—1) = (””)p - (”“)p <o

n—+1 n

Vip(n) — 1(0) = (”“)p— (”“)p—zp <o.

n+1 n

Therefore,

In either case, we obtain ﬁ(n) # 0 for all n > 1, concluding the proof. (]
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The following results follow from combining Theorem 5.3 and Lemma 5.4.

Corollary 5.5. Fora >0, M,

is reducible on K,(D?) if and only if o = 1.

e

In particular, when p = 1, M,,_ is reducible on H?(D?) if and only if a = 1;
when p = 2, M, is reducible on L2(D?) if and only if o = 1. (see [5, 28]).

Corollary 5.6. For a >0, M, is reducible on D,(D?) if and only if a =1 .
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