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Abstract. We introduce some (p, q)-deformations of the weight multiplicities for the repre-
sentations of any simple Lie algebra g over the complex numbers. This is done by associating
the indeterminate q to the positive roots of a parabolic subsystem of g and the indeterminate
p to the remaining positive roots. When p = q, we just recover the usual Lusztig q-analogues
of weight multiplicities. We then study the positivity of the coefficients in these double defor-
mations. In particular, the positivity holds when p = 1 in which case the polynomials have a
natural algebraic interpretation in terms of a parabolic Brylinski filtration. For the parabolic
restriction from type C to type A, this positivity result was conjectured by Lee. We also es-
tablish this positivity, in any finite type and for any p, for a stabilized version of our double
deformation. In addition, we study the double deformation obtained by replacing the pair (p, q)
by (p+ 1, q + 1), show it has nonnegative coefficients and admits a combinatorial description in
terms of crystals.

1. Introduction

In this article, we introduce a double deformation of the weight multiplicities for the representa-
tions of any simple Lie algebra g over C depending on the choice of a parabolic root system and
two indeterminates p and q. The deformation is constructed from the (p, q)-Kostant partition
function defined by the series∏

α∈R+\R+

1

1− peα
∏
α∈R+

1

1− qeα
=
∑
β∈Q+

PR+
p,q (β)eβ

by mimicking Kostant’s classical weight formula (see (4) for the precise definition). Here R+ is the
set of positive roots of g and R+ the set of positive roots corresponding to a parabolic subsystem,
that is the set of positive roots associated to a Levi subalgebra g of g. For any dominant weight

ν and any weight µ (ν and µ are weights for g), we so get polynomials K
R+
ν,µ (p, q) in Z[p, q]

such that K
R+
ν,µ (q, q) coincides with the ordinary Lusztig q-analogue [18]. In particular K

R+
ν,µ (1, 1)

gives the dimension of the weight space µ in the irreducible g-module V (ν) of highest weight

ν. The polynomial K
R+
ν,µ (p, q) depends a priori on the choice of a parabolic root system but for

simplicity we will drop the superscript R+ and assume that this parabolic root system is fixed
once for all in each statement.
In Section 3, we give a decomposition of the polynomial Kν,µ(p, q) in terms of p-branching multi-
plicities corresponding to the restriction from g to g and ordinary Lusztig q-weight multiplicities
for g (Theorem 3.1). This permits to study the positivity of the coefficients of the polynomials
Kν,µ(p, q). We establish that Kν,µ(1, q) and Kν,µ(0, q) belong to N[q] when ν and µ are dominant
weights. This proves as a special case Conjecture 1.4 proposed by Lee in [17] for the parabolic
restriction from type Cn to type An−1. In fact a proof of this conjecture was announced in [17]
and next established in [4] (essentially at the same time as this article appeared) together with
the particular cases of the Levi restrictions from types Bn and Dn to type An−1. Our result
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here holds in full generality for any parabolic restriction. Also, we show that the polynomials
Kν,µ(1, q) coincide with the jump polynomials corresponding to the parabolic Brylinski-Kostant
filtration of the weight space µ in V (ν) associated to a principal nilpotent element e in g. It is
interesting here to also mention that, in the classical cases and for their parabolic root subsys-
tems of type An−1, the polynomials Kν,µ(1, q) coincide with some row shaped one-dimensional
sums (see [4] for the related definitions, precise statements and proofs).
In Section 4, we explain how one can relax the hypothesis for µ to be dominant and prove, by
using arguments due to Panyushev [22], that the polynomial Kν,µ(p+ 1, q+ 1) belongs to N[p, q]
for any dominant weight λ and any weight µ (Theorem 4.1). In Section 5, we get some positivity
results for stabilized versions of the polynomials Kν,µ(p, q). In the classical types and for the
ordinary Lusztig q-analogues, such stabilized versions were defined in [12] and [13] and proved to
coincide with one-dimensional sums in [15]. The stabilization was then obtained by translating
the dominant weights ν and µ by a multiple of the fundamental weight ωn. Here we generalize
the construction in both directions: first this is done for our two parameters deformations and
next we get stabilized polynomials for any parabolic subsystem of a given root system (Theorem
5.4). Finally, in Section 6, we examine the question of the combinatorial description of the
weight multiplicities Kν,µ(1, q) in terms of crystal graphs. In particular, this description is easy
when g is maximal of type A, that is its Dynkin diagram is obtained by removing in that of g
the unique node for which g becomes of type A. We also give a combinatorial description of
the polynomials Kν,µ(p+ 1, q + 1) by introducing a polynomial charge statistics on the vertices
of the crystal B(ν) associated to the dominant weight ν. This construction is reminiscent to
Lascoux-Schützenberger’s charge statistics but in our setting, one associates a polynomial to
each vertex of B(ν) (for example a semistandard tableau in type A) and not only a monomial.
In particular the polynomials Kν,µ(q + 1, q + 1) = Kν,µ(q + 1), which are just the Lusztig q-
analogues evaluated in q+1 instead of q, admit simple combinatorial descriptions for any weight
µ even if their algebraic interpretation is yet unclear. As far as we are aware this combinatorial
description is new. We conclude the section by proposing some (p, q)-analogues of the Hall-
Littlewood polynomials.

2. Double deformation of weight multiplicities

In this Section, we recall some classical results on root systems and the representation theory
of the Lie algebras over C. We refer the reader to [1], [5], or [8] for a detailed exposition.
Consider such a finite-dimensional simple algebra g and assume its root system R is realized in
the Euclidean space E. Its Dynkin diagram is indexed by I and we denote as usual by

• R+ and S = {αi, i ∈ S} its subsets of positive and simple roots,
• W its Weyl group with generators si, i ∈ I associated to the simple roots αi, i ∈ S,
• ` the length function on W : for any w in W , `(w) is the number of generators si in any

reduced expression of w,
• Q its root lattice and Q+ the cone generated by the positive roots,
• P its weight lattice and P+ the cone of dominant weights generated by the fundamental

weights ωi, i ∈ I,
• V (ν) the simple g-module of highest weight ν ∈ P+,
• 〈·, ·〉 the usual Euclidean scalar product on E,
• ≤ the dominance order on P such that γ ≤ µ if and only if µ− γ ∈ Q+,
•

g =
⊕

α∈R+

gα ⊕ h⊕
⊕

α∈R+

g−α

the triangular decomposition of g where h is the Cartan subalgebra.
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Now, let I be a subset of I and denote by R the associated parabolic root system with Weyl
group W , set of positive roots R+ and set of dominant weights P+. Here we have

R = R ∩
(
⊕i∈IRαi

)
and R+ = R ∩R+.

Recall that each right coset Ww admits a unique minimal length element and write U for the
set of these minimal length elements. Then each w in W decomposes in a unique way on the
form w = wu with u ∈ U and w ∈W . We consider the Levi subalgebra

g =
⊕

α∈R+

gα ⊕ h⊕
⊕

α∈R+

g−α.

The algebra g is only semisimple and has the same weight lattice as g.
Write E = ⊕i∈IRωi, the linear real subspace of E generated by the fundamental weights ωi, i ∈ I
and set E

♦
= ⊕i∈I\IRωi. Each vector v in E = E ⊕ E♦ decomposes uniquely on the form

(1) v = v + v♦

where v ∈ E and v♦ ∈ E♦. Observe that the elements of E
♦

are fixed under the action of W
because 〈ωi, αj〉 = 0 for any j ∈ I and i ∈ I \ I. In fact we have the inclusion

E
♦ ⊂ {x ∈ E | 〈x, αi〉 = 0, i ∈ I} = span(αi, i ∈ I)⊥

which is the geometric orthogonal of the linear span of the simple roots αi, i ∈ I.

Lemma 2.1. For any w in W , we have w(R+ \ R+) = R+ \ R+, that is the set R+ \ R+ is
invariant under the action of W .

Proof. Consider α ∈ R+\R+ and i ∈ I. Then si(α) should belong to R+. Indeed αi is the unique
positive root which is changed into a negative root by si and α 6= αi by assumption. Therefore,
we can set si(α) = α′ with α′ in R+. Now, we cannot have α′ in R+ since otherwise α = si(α

′)
would belong to R which is stable under the action of W and therefore we would have α ∈ R+

hence a contradiction. �

Each root in R+ \R+ is nevertheless not fixed by the action of W : the action of an element of
W will permute the roots in R+ \R+.
The simple g-modules are labeled by the weights in the cone P+ = {δ ∈ P | 〈δ, αi〉 ≥ 0, i ∈ I}.
We have

P+ =
⊕
i∈I

Nωi ⊕
⊕
i∈I\I

Zωi

that is, each dominant weight in P+ can be written on the form

(2) λ+ γ with λ ∈
⊕
i∈I

Nωi and γ ∈
⊕
i∈I\I

Zωi.

where γ is fixed under the action of W . We write V (λ+γ) for the simple g-module with highest
weight λ+ γ.

Example 2.2. Assume g = sp2n is the Lie algebra of type Cn and I = {1, . . . , n − 1} (the
longest simple root is αn). With the usual realization of the root system of type Cn (see [1]), we
have E = ⊕ni=1Rεi, αi = εi − εi+1, i = 1, . . . , n − 1 and αn = 2εn. Moreover ωi = ε1 + · · · + εi.
Then g is isomorphic to gln and we have

E =
⊕n−1

i=1 Rωi =
⊕n−1

i=1 Rεi.
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The dominant weights of g are the generalized partitions κ = (κ1 ≥ · · · ≥ κn) ∈ Zn and we can
write write

κ = λ+ γ

with λ = (κ1 − κn, . . . , κn−1 − κn, 0) and γ = κnωn.

Consider q and p two formal indeterminates and introduce the p, q-Kostant partitions Pp,q defined
from the expansion of the formal series

(3)
∏

α∈R+\R+

1

1− peα
∏
α∈R+

1

1− qeα
=
∑
β∈Q+

Pp,q(β)eβ.

When p = q, this is the ordinary q-partition function (see [9]). Given two weights ν and µ in P
with ν dominant, set

(4) Kν,µ(p, q) =
∑
w∈W

ε(w)Pp,q(w(ν + ρ)− µ− ρ)

where ρ = 1
2

∑
α∈R+

α and ε(w) = (−1)`(w). When p = q = 1, the integer Kν,µ = Kν,µ(1, 1)

gives the dimension of the weight space

V (ν)µ = {v ∈ V (ν) | h(v) = µ(v)v, h ∈ h}.
Now when p = q, the polynomial Kν,µ(q, q) is the ordinary Lusztig q-analogue of dim (V (ν)µ).

Remark 2.3. We have w(λ+ ρ)− µ− ρ = w(λ+ ρ)− (λ+ ρ) + (λ− µ) and (λ+ ρ)−w(λ+ ρ)
belongs to Q+. Also for any weight γ ∈ P , we have Pp,q(γ) 6= 0 only if γ ∈ Q+. Therefore, the
polynomial Kν,µ(p, q) is nonzero only if µ ≤ λ.

Let us now define the partition function P̂p from the expansion of the formal series∏
α∈R+\R+

1

1− peα
=
∑
η∈Q̂+

P̂p(η)eη

where Q̂+ =
∑

α∈R+\R+
Nα. Since we have w(R+ \ R+) = R+ \ R+ for any w ∈ W , the cone

Q̂+ is also stable under the action of W . Moreover, for any w ∈ W and any η ∈ Q̂+, we have

P̂p(w(η)) = P̂p(η). This is because w permutes the roots in R+ \R+. Given a dominant weight

ν ∈ P+ and a parabolic dominant weight λ+ γ ∈ P+ as in (2) define the polynomial

(5) bν,λ+γ(p) =
∑
w∈W

ε(w)P̂p(w(ν + ρ)− λ− γ − ρ).

Then, it is classical to deduce from the Weyl character formula (see for example [6]) that bν,λ+γ(1)

gives the multiplicity of V (λ + γ) in the restriction of V (ν) from g to g. Observe that in
general, the polynomial bν,λ+γ(p) does not belong to N[p]. We nevertheless mention the following

conjecture which, as far as we are aware, is only partially proved (in particular by Broer [2] in
type A). We also refer to [21], [24] and the references therein for more details and results on this
problem.

Conjecture 2.4. The polynomial bν,λ+γ(p) has nonnegative integer coefficients at least when

λ+ γ ∈ P+, that is when λ+ γ is a dominant weight for g (and not only for g).
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Example 2.5.

(1) Assume g = sp10 with I = {1, 2, 4, 5} so that g = sp4 ⊕ gl1 ⊕ gl2. Put ν = (4, 3, 3, 2, 1)
and λ+ γ = (1, 0, 0, 0, 0). Then

bν,λ+γ(p) = 6p11 + 16p10 + 21p9 + 14p8 + 5p7

where we have an alternated sum of 73 nonzero polynomials in (5).
(2) Assume g = gl3 with I = {1, 2} and assume I = {1} so that g = gl2 ⊕ gl1 (here we use

gl3 instead of sl3 for simplicity). Put ν = (6, 3, 1) and λ+ γ = (2, 4, 4). Then

bν,λ+γ(p) = −p3

does not have nonnegative coefficients. This shows that the assumption λ + γ is a
dominant weight for g (and not only for g) is crucial in the previous conjecture.

Write Pq for the usual partition function associated to the root system R defined by∏
α∈R+

1

1− qeα
=
∑
δ∈Q+

Pq(δ)e
δ.

Given two dominant weights λ + γ and µ + γ′ in P+ written as in (2), we can consider the
Lusztig q-analogue for the subalgebra g

Kλ+γ,µ+γ′(q) =
∑
w∈W

ε(w)Pq(w(λ+ γ + ρ)− µ− γ′ − ρ).

Since w(γ) = γ for any w ∈W , we have w(λ+ γ + ρ)− µ− γ′ − ρ = w(λ+ ρ)− µ− ρ+ γ − γ′.
Also it follows from the previous definition that w(λ+ ρ)− µ− ρ belongs to E whereas γ − γ′

belongs to E
♦

. Moreover, we have Pq(β) 6= 0 only if β belongs to E. Thus, we can conclude

that Kλ+γ,µ+γ′(q) is nonzero only when γ = γ′ in which case we moreover have

(6) Kλ+γ,µ+γ(q) = Kλ,µ(q).

We can also enlarge the definition of the polynomials Kλ,µ(q) by replacing the dominant weight

λ ∈
⊕
i∈I

Nωi by any weight κ ∈
⊕
i∈I

Zωi. Then we get Kκ,µ(q) = 0 or there exists w in W and

λ ∈ P+ such that
w−1(λ+ ρ)− ρ = κ and Kκ,µ(q) = ε(w)Kλ,µ(q).

Finally, by elementary properties of formal series, we must have for any β ∈ Q+

(7) Pp,q(β) =
∑

γ∈Q̂+,δ∈Q+|γ+δ=β

P̂p(γ)Pq(δ) =
∑
γ∈Q̂+

P̂p(γ)Pq(β − γ).

We also recall the Weyl character formula. For each dominant weight ν in P+, the character of
V (ν) is the polynomial in ZW [P ] such that

sν =

∑
w∈W ε(w)ew(ν+ρ)−ρ∏
α∈R+

(1− e−α)
.

In particular for ν = 0, we get the Weyl denominator formula∏
α∈R+

(1− e−α) =
∑
w∈W

ε(w)ew(ρ)−ρ.

We shall also use the notation aγ =
∑

w∈W ε(w)ew(γ) for any γ ∈ P . Then sλ =
aλ+ρ
aρ

.
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3. Decomposition of the double deformation

In this section, we establish a decomposition theorem for our double deformations of weight
multiplicities. When p = q = 1, it just means that one can obtain the restriction of any
representation of g to its Cartan subalgebra h by performing first its restriction to g and next
the restriction from g to h. When we have only p = 1, we interpret the polynomials Kν,µ(1, q)
in terms of the parabolic Brylinski filtration of V (ν) obtained from g.

3.1. The general case.

Theorem 3.1. For any dominant weight ν in P+ and any weight µ in P we have the decompo-
sition

Kν,µ(p, q) =
∑

λ∈P+∩E

bν,λ+µ♦(p)Kλ,µ(q) =
∑

λ∈P+∩E

bν,λ+µ♦(p)Kλ+µ♦,µ(q)

where λ+ µ♦ belongs to P+.

Proof. By definition of the polynomial Kν,µ(p, q) and by using (7), we obtain

Kν,µ(p, q) =
∑
u∈U

ε(u)
∑
γ∈Q̂+

P̂p(γ)
∑
w∈W

ε(w)Pq(wu(ν + ρ)− µ− ρ− γ)

where we have decomposed each w in W on the form w = wu with u ∈ U and w ∈ W . Since
Q̂+ is stable under the action of W and P̂p(w

−1(γ)) = P̂p(γ) for any w ∈ W and γ ∈ Q̂+, we
also have

Kν,µ(p, q) =
∑
u∈U

ε(u)
∑
γ′∈Q̂+

P̂p(γ
′)
∑
w∈W

ε(w)Pq(wu(ν + ρ)− µ− ρ− w(γ′))

by setting γ′ = w−1(γ).
We can now apply decompositions of type (1) to get ρ = ρ+ ρ♦ and µ = µ+µ♦. By using that
w(ρ♦) = ρ♦ and w(µ♦) = µ♦, we obtain

w (u(ν + ρ))− µ− ρ− w(γ′) = w[u(ν + ρ)− µ♦ − ρ♦ − γ′]− ρ− µ =

w[(u(ν + ρ)− µ♦ − ρ♦ − γ′ − ρ) + ρ]− ρ− µ =

w[(u(ν + ρ)− µ♦ − ρ− γ′) + ρ]− ρ− µ.
This gives

Pq(wu(ν + ρ)− µ− ρ− w(γ′)) = Pq

(
w[(u(ν + ρ)− ρ− µ♦ − γ′) + ρ]− ρ− µ

)
.

Therefore, we have∑
γ′∈Q̂+

P̂p(γ
′)
∑
w∈W

ε(w)Pq(wu(ν + ρ)− µ− ρ− w(γ′)) =
∑
γ′∈Q̂+

P̂p(γ
′)Ku(ν+ρ)−ρ−µ♦−γ′,µ(q).

This yields

Kν,µ(p, q) =
∑
u∈U

ε(u)
∑
γ′∈Q̂+

P̂p(γ
′)Ku(ν+ρ)−ρ−µ♦−γ′,µ(q).

For each nonzero polynomial Ku(ν+ρ)−ρ−µ♦−γ′,µ(q) there exists w in W and λ ∈ P+ such that

w−1(λ+ ρ)− ρ = u(ν + ρ)− ρ− µ♦ − γ′ and Ku(ν+ρ)−ρ−µ♦−γ′,µ(q) = ε(w)Kλ,µ(q).

We then have

γ′ = u(ν + ρ)− ρ− µ♦ − w−1(λ+ ρ) + ρ = u(ν + ρ)− ρ♦ − µ♦ − w−1(λ+ ρ).
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By gathering all the contributions corresponding to the same dominant weight λ, we thus obtain

Kν,µ(p, q) =
∑
λ∈P+

∑
u∈U

ε(u)
∑
w∈W

ε(w)P̂p

(
u(ν + ρ)− ρ♦ − µ♦ − w−1(λ+ ρ)

)Kλ,µ(q).

Recall that for any η ∈ Q̂+ and any w ∈ W , we have P̂p(w(η)) = P̂p(η). We also have

w(ρ♦) = ρ♦ and w(µ♦) = µ♦ and thus

P̂p

(
u(ν + ρ)− ρ♦ − µ♦ − w−1(λ+ ρ)

)
= P̂p

(
wu(ν + ρ)− ρ♦ − µ♦ − λ− ρ)

)
= P̂p

(
wu(ν + ρ)− µ♦ − λ− ρ)

)
.

This permits to write

(8) Kν,µ(p, q) =
∑
λ∈P+

∑
u∈U

∑
w∈W

ε(wu)P̂p

(
wu(ν + ρ)− µ♦ − λ− ρ)

)Kλ,µ(q) =

∑
λ∈P+

(∑
w∈W

ε(w)P̂p

(
w(ν + ρ)− µ♦ − λ− ρ)

))
Kλ,µ(q) =

∑
λ∈P+∩E

bν,λ+µ♦(p)Kλ,µ(q)

as claimed. Here the restriction of the last sum over P+∩E comes from the fact that Kλ,µ(q) 6= 0

only if λ− µ belongs to E and we have here µ ∈ E. It is straightforward to check that λ+ µ♦

belongs to P+ since µ♦ belongs to E
♦

and thus 〈λ+µ♦, αi〉 = 〈λ, αi〉 ≥ 0 for any i ∈ I. The last
equality of the theorem follows immediately from Equality (6) since we have µ = µ+ µ♦. �

3.2. The case p = 1 and the parabolic Brylinski-Kostant filtration. When p = 1, we
obtain immediately from Theorem 3.1 the decomposition

(9) Kν,µ(1, q) =
∑

λ∈P+∩E

bν,λ+µ♦Kλ+µ♦,µ(q)

where the nonnegative integer bν,λ+µ♦ is the branching coefficient giving the multiplicity of the

g-module V (λ + µ♦) in the restriction of V (ν) from g to g. In particular, when µ belongs to
P+, we get that Kν,µ(1, q) belongs to N[q] since each polynomial Kλ+µ♦,µ(q) = Kλ,µ(q) does.

It is then possible to give an algebraic interpretation of the polynomial Kν,µ(1, q) in terms of
the parabolic Brylinski-Kostant filtration corresponding to g. To do so, denote by ei, i ∈ I the
raising Chevalley generators1 of the Lie algebra g and set

e =
∑
i∈I

ei.

Then the element e is a principal nilpotent for the Lie algebra g.
Now assume that ν ∈ P+ is fixed. For any nonnegative integer k, consider the increasing
sequence (for the inclusion) of linear subspaces

J
(k)

(ν)µ := {v ∈ V (ν)µ | e(k)(v) = 0}.

1We assume here that we choose a set of Chevalley generators compatible with the triangular decomposition
of g considered.
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The space J
(k)

(ν) is thus the intersection of the weight space V (ν)µ with the kernel of the action

of the element ek on the g-module V (ν). We can define the jump polynomial Kν,µ(q) by setting

Kν,µ(q) =
∑
k≥0

(
dim

(
J

(k+1)
(ν)µ

)
− dim

(
J

(k)
(ν)µ

))
qk.

Theorem 3.2. For any ν ∈ P+ and any µ = µ+ µ♦ ∈ P+, we have

Kν,µ(q) = Kν,µ(1, q).

Proof. The g-module V (ν) decomposes as a direct sum of irreducible g-modules. Let M be one
of these g-modules. Assume that M has highest weight λ+ γ ∈ P+ (decomposed as in (2)) and
M ∩V (ν)µ 6= {0}. Then, the difference λ+γ−µ is a sum of simple roots αi, i ∈ I and therefore

belongs to E. It follows that λ + γ and µ have the same component on E
♦

, that is γ = µ♦.
Recall that the decomposition of V (ν) into its weight spaces refines the decomposition of V (ν)
into its irreducible g-components. By considering only the irreducible g-modules with highest
weight of the form λ+ µ♦, λ ∈ P+ ∩ E and their multiplicities bν,λ+µ♦ in the decomposition of

V (ν), we therefore get the isomorphism

V (ν)µ '
⊕

λ∈P+∩E

(
V (λ+ µ♦) ∩ V (ν)µ

)⊕b
ν,λ+µ♦

=
⊕

λ∈P+∩E
V (λ+ µ♦)

⊕b
ν,λ+µ♦

µ

where V (λ + µ♦)µ is the weight space associated to µ in V (λ + µ♦). Since each g-module is
stable under the action of e, this also gives for any k ≥ 0

J
(k)

(ν)µ '
⊕

λ∈P+∩E

(
V (λ+ µ♦)µ ∩ J

(k)
(ν)µ

)⊕b
ν,λ+µ♦

and

dim
(
J

(k)
(ν)µ

)
=

∑
λ∈P+∩E

bν,λ+µ♦ dim
(
V (λ+ µ♦)µ ∩ J

(k)
(ν)µ

)
.

We so obtain

Kν,µ(q) =∑
k≥0

∑
λ∈P+∩E

bν,λ+µ♦

(
dim

(
V (λ+ µ♦)µ ∩ J

(k+1)
(ν)µ

)
− dim

(
V (λ+ µ♦)µ ∩ J

(k)
(ν)µ

))
qk

=
∑

λ∈P+∩E

bν,λ+µ♦

∑
k≥0

(
dim

(
V (λ+ µ♦)µ ∩ J

(k+1)
(ν)µ

)
− dim

(
V (λ+ µ♦)µ ∩ J

(k)
(ν)µ

))
qk.

For any λ ∈ P+ ∩ E, Brylinski’s theorem (see [3]) equates the jump polynomial in V (λ + µ♦)
for the weight µ with the parabolic Lusztig’s q-analogue Kλ+µ♦,µ(q) so that

Kλ+µ♦,µ(q) =
∑
k≥0

(
dim

(
V (λ+ µ♦)µ ∩ J

(k+1)
(ν)µ

)
− dim

(
V (λ+ µ♦)µ ∩ J

(k)
(ν)µ

))
qk.

Finally, we have

Kν,µ(q) =
∑

λ∈P+∩E

bν,λ+µ♦Kλ+µ♦,µ(q) = Kν,µ(1, q)

by (9). �
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3.3. Other positivity results. We summarize in this paragraph what can be immediately
claimed about the nonnegativity of the coefficients of the polynomials Kν,µ(p, q) (whose coeffi-
cients belong a priori to Z). We get the following direct corollary of our Theorem 3.1.

Corollary 3.3. Consider ν a dominant weight for g. We have for any weight µ ∈ P

Kν,µ(1, q) =
∑
λ∈P+

bν,λ+µ♦(1)Kλ,µ(q),

Kν,µ(0, q) = Kν,µ(q),

Kν,µ(p, 0) = bν,µ(p),

Kν,µ(p, p) = Kν,µ(p).

Moreover,

• the polynomial Kν,µ(1, q) has nonnegative integer coefficients when µ ∈ P+,
• the polynomial Kν,µ(q, q) has nonnegative integer coefficients when µ ∈ P+,
• the polynomial Kν,µ(p, 0) has nonnegative in the cases where Conjecture 2.4 holds.

Proof. The case p = 1 has already been studied in § 3.2.
Now when p = 0, we have P̂p(γ) = δ1,γ for any γ ∈ Q̂+. Therefore for any λ ∈ P+, we get

bν,λ+µ♦(0) 6= 0 if and only if ν = λ+ µ♦. This means that λ = ν and µ♦ = ν♦. In this case we

get the equality bν,ν+ν♦(0) = bν,ν(0) = 1. This therefore gives

Kν,µ(0, q) = Kν,µ(q).

When q = 0, we have Kλ,µ(0) 6= 0 only when λ = µ and then Kλ,µ(0) = 1. Thus by Theorem
3.1, we get

Kν,µ(p, 0) = bν,µ+µ♦(p) = bν,µ(p)

which has nonnegative coefficients in the cases where Conjecture 2.4 holds.
The last identity Kν,µ(q, q) = Kν,µ(q) follows directly from the definition of our polynomials
Kν,µ(p, q). �

Remark 3.4.

(1) When p = 1, g is one of the classical Lie algebras of type Bn, Cn, Dn and g its Levi
subalgebra of type An−1 obtained by removing the node n in the Dynkin diagram, the
positivity of the polynomials Kν,µ(1, q) was conjectured by Lee in [17]. This conjecture
was then established in [4] in these particular cases (essentially at the same time as this
article appeared).

(2) Observe that when λ and µ belong to P+, the polynomials Kν,µ(p, q) do not have non-
negative coefficients in general. For example, when g is of type C2 and g of type A1; with
ν = (4, 2) and µ = (0, 0), we get

Kν,µ(p, q) = p3q4 + p3q3 + 2p3q2 + p3q + p3 − q4.

4. The double deformation Kν,µ(p+ 1, q + 1)

Our goal in this section is to prove that the polynomials Kν,µ(p + 1, q + 1) have nonnegative
coefficients for any dominant weight λ and any weight µ. This follows by adapting arguments
due to Panyushev in [22] for the classical one-parameter Lusztig q-analogue. Set

∆ =

∏
α∈R+

(1− e−α)∏
α∈R+\R+

(1− (p+ 1)e−α)
∏
α∈R+

(1− (q + 1)e−α)
=
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e−ρaρ∏
α∈R+\R+

(1− (p+ 1)e−α)
∏
α∈R+

(1− (q + 1)e−α)

Theorem 4.1.

(1) We have ∆ =
∑

µ∈Q+
K0,−µ(p+ 1, q + 1)e−µ where each polynomial K0,−µ(p+ 1, q + 1)

belongs to N[p, q].
(2) For ν ∈ P+ and µ ∈ P , the polynomial Kν,µ(p + 1, q + 1), regarded as a polynomial in

Z[p, q], has nonnegative coefficients. Moreover, we have∑
µ∈P

Kν,µ(p+ 1, q + 1)eµ = ∆sν

and the decomposition

(10) Kν,µ(p+ 1, q + 1) =
∑
β∈Q+

Kν,µ+βK0,−β(p+ 1, q + 1) ∈ N[p, q].

Proof. We resume the notation of Section 2. First, there should exist some polynomials mµ(p+
1, q + 1) ∈ Z[p+ 1, q + 1], µ ∈ Q+ such that

(11) ∆ =

∏
α∈R+\R+

(1− e−α)∏
α∈R+\R+

(1− (p+ 1)e−α)
×

∏
α∈R+

(1− e−α)∏
α∈R+

(1− (q + 1)e−α)
=
∑
µ∈Q+

mµ(p+ 1, q + 1)e−µ.

Recall that we have∏
α∈R+

(
1− e−α

)
=
∑
w∈W

ε(w)ew(ρ)−ρ and

∏
α∈R+\R+

1

1− (p+ 1)e−α

∏
α∈R+

1

1− (q + 1)e−α
=
∑
β∈Q+

Pp+1,q+1(β)e−β.

This gives

∆ =
∑
β∈Q+

∑
w∈W

ε(w)Pp+1,q+1(β)ew(ρ)−ρ−β =

∑
µ∈Q+

∑
w∈W

ε(w)Pp+1,q+1(w(ρ)− ρ+ µ)e−µ =
∑
µ∈Q+

K0,−µ(p+ 1, q + 1)e−µ

by setting µ = β+ρ−w(ρ) which permits to conclude that mµ(p+1, q+1) = K0,−µ(p+1, q+1)
for any µ ∈ Q+. We also have for any positive root α

(12)
1− e−α

1− (p+ 1)e−α
= 1 +

∑
k≥1

p(p+ 1)k−1e−kα

and a similar identity by replacing p by q. Therefore the formal expansion of ∆ should have
nonnegative integer coefficients as claimed.
Now introduce the generating series

uν :=
∑
µ∈P

Kν,µ(p+ 1, q + 1)eµ.

We have

uν =
∑
µ∈P

∑
w∈W

ε(w)Pp+1,q+1(w(ν + ρ)− µ− ρ)eµ =
∑
w∈W

ε(w)
∑
γ∈P

Pp+1,q+1(γ)ew(ν+ρ)−γ−ρ =
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∑
w∈W

ε(w)

∑
γ∈P

Pp+1,q+1(γ)e−γ

 ew(ν+ρ)−ρ =
e−ρ

∑
w∈W ε(w)ew(ν+ρ)∏

α∈R+\R+
(1− (p+ 1)e−α)

∏
α∈R+

(1− (q + 1)e−α)

= ∆
aν+ρ

aρ
= ∆sν

where we set γ = w(ν + ρ)− µ− ρ in the second equality. Now we get by using Assertion 1

uν =
∑
µ∈P

Kν,µ(p+ 1, q + 1)eµ =
∑
β∈Q+

K0,−β(p+ 1, q + 1)e−β ×
∑
γ∈P

Kν,γe
γ =

∑
β,γ

Kν,γK0,−β(p+ 1, q + 1)eγ−β =
∑
µ∈P

∑
β∈Q+

Kν,µ+βK0,−β(p+ 1, q + 1)eµ

where we set µ = γ − β in the last equality. This gives

(14) Kν,µ(p+ 1, q + 1) =
∑
β∈Q+

Kν,µ+βK0,−β(p+ 1, q + 1) ∈ N[p, q]

because the coefficients Kν,µ+β are nonnegative integers and we have already proved that the
polynomials K0,−β(p+ 1, q + 1) belongs to N[p, q]. �

Remark 4.2. Observe that in the decomposition (10) the sum is finite since the number of
weights of the representation V (λ) is and therefore Kν,µ+β is nonzero only for a finite number
of weights β.

5. Stabilized version of the double deformation Kν,µ(p, q)

5.1. The stabilization phenomenon. We resume the notation of Section 2. In particular, we
recall the decomposition ρ = ρ+ ρ♦. Since ρ =

∑
i∈I ωi and ρ =

∑
i∈I ωi, we must have

ρ♦ =
∑
i∈I\I

ωi.

The goal of this section is to prove that, once the two dominant weights ν and µ are fixed, the
sequence of polynomials

Kν+kρ♦,µ+kρ♦(p, q), k ∈ N
stabilizes and its limit has interesting positivity properties under a natural hypothesis inspired
by the classical Lie algebras setting of types Bn, Cn, Dn and their parabolic restrictions to type
An−1 exploited in [12] and [13]. We will first need the following lemma.

Lemma 5.1. Consider a dominant weight ν in P+ and a weight µ ∈ P such that µ ≤ ν. Then,
there exists a nonnegative integer k0 such that

w(ν + ρ+ kρ♦)− (µ+ ρ+ kρ♦) /∈ Q+

for any k ≥ k0 and any w ∈W \W .

Proof. Consider w ∈ W \ W . Since ρ♦ belongs to P+ as a sum of fundamental weights, we
must have ρ♦ − w(ρ♦) ∈ Q+, that is ρ♦ − w(ρ♦) is a nonnegative sum of positive roots in R+.
Moreover, w(ρ♦) 6= ρ♦ because w ∈W \W and the stabilizer of ρ♦ under the action of W is be
W = 〈si | i ∈ I〉. Therefore, we can set ρ♦ − w(ρ♦) = βw with βw ∈ Q+ \ {0}. Now, we get for
any nonnegative integer k

w(ν + ρ+ kρ♦)− (µ+ ρ+ kρ♦) = w(ν + ρ)− (ν + ρ) + (ν − µ)− kβw.
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We have w(ν+ρ)− (ν+ρ) < 0. Moreover, ν−µ does not depends on k and βw > 0. There thus
exists an integer kw such that w(ν + ρ)− (ν + ρ) + (ν − µ)− kβw /∈ Q+ for k ≥ kw sufficiently
large. We are done by considering k0 = max{kw | w ∈W \W} (recall W is finite). �

Proposition 5.2. For any ν ∈ P+, any µ ∈ P and any λ+ γ ∈ P+ such that λ+ γ ≥ µ, there
exists a nonnegative integer k0 such that for any k ≥ k0

bν+kρ♦,λ+γ+kρ♦(p) = bλ+k0ρ♦,λ+γ+k0ρ♦
(p) =

∑
w∈W

ε(w)P̂p(w(ν + ρ)− (λ+ γ + ρ)).

In particular, bν+kρ♦,λ+γ+kρ♦(p) does not depend on k for k ≥ k0 and we can set in this case

bstab
ν,λ+γ

(p) := bν+kρ♦,λ+γ+kρ♦(p).

Proof. By Lemma 5.1, there exists a nonnegative integer k0 such that for any k ≥ k0 and any
w ∈ W \W , we have w(ν + ρ+ kρ♦)− (µ+ ρ+ kρ♦) /∈ Q+. Since we then have λ+ γ ≥ µ we
also obtain that

w(ν + ρ+ kρ♦)− (ρ+ λ+ γ + kρ♦) = w(ν + ρ+ kρ♦)− (µ+ ρ+ kρ♦)− (λ+ γ − µ) /∈ Q+

This gives

bν+kρ♦,λ+γ+kρ♦(p) =
∑
w∈W

ε(w)P̂p(w(ν + ρ+ kρ♦)− (λ+ γ + ρ+ kρ♦)) =∑
w∈W

ε(w)P̂p(w(ν + ρ+ kρ♦)− (λ+ γ + ρ+ kρ♦)) =
∑
w∈W

ε(w)P̂p(w(ν + ρ)− (λ+ γ + ρ))

because P̂p(β) = 0 for β /∈ Q+ and w(ρ♦) = ρ♦ for any w in W . �

Remark 5.3. In [16], we establish a nonnegative expansion of∏
α∈R+\R+

1

1− peα

in g-Weyl characters from which it becomes possible to deduce that the stabilized polynomials
bstab
ν,µ (p) belong to N[p] for any ν ∈ P+ and any µ = µ♦ ∈ P+ (see Prop 3.9 in [16]).

Theorem 5.4. For any dominant weight ν ∈ P+ and any weight µ in P there exists a nonneg-
ative integer k0 such that, for any k ≥ k0 we have the decomposition

Kν+kρ♦,µ+kρ♦(p, q) =
∑
λ∈P+

bstab
ν,λ+µ♦

(p)Kλ,µ(q).

In particular, the stabilized double deformation Kν+kρ♦,µ+kρ♦(p, q) = Kstab
ν,µ (p, q) does not depend

on k ≥ k0.

Proof. By using Lemma 5.1 and the definition (4) of Kν+kρ♦,µ+kρ♦(p, q), we get

Kν+kρ♦,µ+kρ♦(p, q) =
∑
w∈W

ε(w)Pp,q(w(ν + ρ)− µ− ρ).

Indeed, by using the integer k0 of Lemma 5.1, for k ≥ k0, we have for any w ∈W \W
w(ν + ρ+ kρ♦)− µ− ρ− kρ♦ /∈ Q+

and then Pp,q(w(ν + ρ+ kρ♦)− µ− ρ− kρ♦) = 0. In the remaining cases

w(ν + ρ+ kρ♦)− µ− ρ− kρ♦ = w(ν + ρ)− µ− ρ
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since w(ρ♦) = ρ♦. Now, we can argue exactly as in the proof of Theorem 3.1 (but by replacing
the set U by {id}). The equality (8) is then replaced by

Kν,µ(p, q) =
∑
λ∈P+

∑
w∈W

ε(w)P̂p

(
w(ν + ρ)− µ♦ − λ− ρ)

)Kλ,µ(q) =
∑
λ∈P+

bstab
ν,λ+µ♦

(p)Kλ,µ(q)

where the last equality follows from Proposition 5.2 with γ = µ♦ and λ + µ♦ ≥ µ since λ ≥ µ
when Kλ,µ(q) 6= 0. �

Remark 5.5.

(1) When p = q, the previous result contains, as a particular case, the stabilization of the
Lusztig q-analogues of classical types Bn, Cn and Dn by translation of the two dominant
weights ν, µ by multiples of the fundamental weight ωn. This case where ρ♦ = ωn
corresponds to the choice of the parabolic subsystem of type An−1 obtained by removing
the node n in the Dynkin diagrams and was considered in particular in [15] and [4].

(2) In Lemma 5.1, Proposition 5.2 and Theorem 5.4, the crucial argument is the invariance
of ρ♦ under the action of W . Instead of choosing first the parabolic root system and
then the direction ρ♦ in the Weyl chamber of g, it is also interesting to first consider a
weight δ in P+ and next the set I := {i ∈ I | 〈δ, αi〉 = 0}. Then W stabilizes δ. By using
the same arguments, we can then establish the theorem below, companion of Theorem
5.4 where the decomposition of δ on the basis of fundamental weights can make appear
multiplicities greater than one.

Theorem 5.6. Assume that I is chosen as previously from the dominant weight δ. Then for
any weight µ in P there exists a nonnegative integer k0 such that, for any k ≥ k0 we have the
decomposition

Kν+kδ,µ+kδ(p, q) =
∑
λ∈P+

bδ-stab
ν,λ+µ♦

(p)Kλ,µ(q)

where bδ-stab
ν,λ+γ

(p) := bν+kδ,λ+γ+kδ(p). In particular, the stabilized double deformation Kδ-stab
ν,µ (p, q) =

Kν+kδ,µ+kδ(p, q) does not depend on k ≥ k0.

5.2. Positivity of the stabilized forms. In this paragraph, we shall need the following addi-
tional hypothesis.

Hypothesis 5.7. We assume in this section that 〈ρ♦, α〉 = c is a fixed positive integer for any
α ∈ R+ \R+ which does not depend on the choice of α in R+ \R+.

Remark 5.8.

(1) Observe that our condition is in particular satisfied for the classical root system of type
Cn or Dn when I = {1, . . . , n − 1} is the set of labels of the parabolic subsystem of
type An−1. Then for any α ∈ R+ \ R+, we have 〈ρ♦, α〉 = 〈ωn, α〉 = 2 in type Cn and
〈ρ♦, α〉 = 〈ωn, α〉 = 1 in type Dn.

(2) It is also satisfied for the parabolic subsystems of type Bn−1 or Dn−1 inside the root
systems of type Bn or Dn, respectively. We then indeed get 〈ρ♦, α〉 = 〈ω1, α〉 = 1 for
any α ∈ R+ \R+.

(3) Another case where the hypothesis is satisfied if for g of type An−1 and g the Levi
subalgebra obtained by removing the k-th node in the Dynkin diagram of g. In this
case, we obtain 〈ρ♦, α〉 = 〈ωk, α〉 = 1 for any α ∈ R+ \R+.
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(4) As in [15], it could be also interesting to extend the stabilization phenomenon to defor-
mations of the Lusztig analogues defined by using weight functions on p and q depending
on the length of the root considered. When p = q, this is in particular unavoidable for
equating the one-dimensional sums for affine root systems with q-analogues of weight
multiplicities. For simplicity, we do not pursue in this direction here.

Consider γ in Q̂+ and a decomposition γ =
∑

α∈R+\R+
aαα where the aα’s are nonnegative

integers. Then

L(γ) :=
1

c
〈ρ♦, γ〉 =

1

c

∑
α∈R+\R+

aα〈ρ♦, α〉 =
∑

α∈R+\R+

aα

by Hypothesis 5.7. This shows that the number of positive roots in R+ \ R+ appearing in a

relevant decomposition of γ is always equal to L(γ). Therefore, we have P̂p(γ) = pL(γ)P̂1(γ) for

any γ in Q̂+. Moreover, we have by Proposition 5.2

bstab
ν,λ+µ♦

(q) =
∑
w∈W

ε(w)P̂p(w(ν + ρ)− (λ+ +µ♦ + ρ)).

For any w ∈W , and with γ = w(ν + ρ)− (λ+ µ♦ + ρ)

L(γ) =
1

c
〈ρ♦, w(ν + ρ)− (λ+ µ♦ + ρ)〉 =

1

c
〈ρ♦, w(ν + ρ)〉 − 1

c
〈ρ♦, λ+ µ♦ + ρ〉 =

1

c
〈w−1(ρ♦), ν + ρ〉 − 1

c
〈ρ♦, λ+ µ♦ + ρ〉 =

1

c
〈ρ♦, ν + ρ〉 − 1

c
〈ρ♦, λ+ µ♦ + ρ〉 =

1

c
〈ρ♦, ν − λ− µ♦〉 = L(ν − λ− µ♦)

because ρ♦ is stabilized by W . Therefore

bstab
ν,λ

(p) = pL(ν−λ−µ♦)bstab
ν,λ

(1) for any ν ∈ P+ and any λ ∈ P+.

This proves that bstab
ν,λ

(q) has nonnegative integer coefficients. We then get the following Corollary

of Theorem 5.4.

Corollary 5.9. Under Hypothesis 5.7, for any dominant weights ν ∈ P+ and µ ∈ P+, the
polynomial Kstab

ν,µ (p, q) belongs to N[p, q]. Moreover, we have

Kν+kρ♦,µ+kρ♦(p, q) =
∑
λ∈P+

pL(ν−λ−µ♦)bstab
ν,λ+µ♦

(1)Kλ,µ(q).

Example 5.10. Resume the example of type C2 in Remark 3.4. For ν = (4, 2) and µ = (0, 0),
we had

K(4,2),(0,0)(p, q) = p3q4 + p3q3 + 2p3q2 + p3q + p3 − q4.

Here ρ♦ = ω2 = (1, 1). We get

K(5,3),(1,1)(p, q) = p3q4 + p3q3 + 2p3q2 + p3q + p3

with nonnegative integer coefficients and

Kν+kω2,µ+kω2(p, q) = K(5,3),(1,1)(p, q)

for any k > 0.
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Remark 5.11. Here again, one can follow the same line as in Remark 5.5 and consider a
dominant weight δ in P+ with I := {i ∈ I | 〈δ, αi〉 = 0}. Then replace Hypothesis 5.7 by the
condition

(15) 〈δ, α〉 = c

is a positive constant for any α ∈ R+ \R+ and set Lδ(γ) := 1
c 〈δ, γ〉 for any γ =

∑
α∈R+\R+

aαα.

This gives the following companion corollary of Theorem 5.6.

Corollary 5.12. Assume δ is fixed in P+ and then the convention and hypotheses of the previous
remark. Then, for any dominant weights ν ∈ P+ and µ ∈ P+, the polynomial Kδ-stab

ν,µ (p, q)
belongs to N[p, q]. Moreover, we have

Kδ-stab
ν,µ (p, q) = Kν+kδ,µ+kδ(p, q) =

∑
λ∈P+

pLδ(ν−λ−µ
♦)bδ-stab

ν,λ+µ♦
(1)Kλ,µ(q).

6. Combinatorial description

6.1. Combinatorial description of the double deformation Kν,µ(p, q). A difficult ques-
tion in the theory of Lusztig q-analogues of weight multiplicities consists in their combinatorial
description. In type An−1 this was achieved by Lascoux and Schützenberger in [11]. For the
classical types, the description is only partially known. We refer the interested reader to [15]
(where it is done by equating them with affine 1-d sums in the stable case) and [4] (where such
an equality is proved for the general cases in type Cn and Bn with half integer weights), [14],
and [17] where a description is given for µ = 0 respectively in symplectic and orthogonal types
by using generalized exponents. In view to Theorem 3.1, the combinatorial description of the
polynomials Kν,µ(p, q) reduces to the combinatorial description of the polynomials bν,λ+µ♦(p)

and Kλ,µ(q).

For p = 1, the branching coefficient bν,λ+µ♦(1) can be easily described thanks to crystal graph

theory or Littelmann path theory since both are compatible with parabolic restrictions. Recall
that to each dominant weight ν, is associated a crystal B(ν) which can be regarded as the
combinatorial skeleton of the representation V (ν). This is an oriented graph where the arrows

are described in terms of the crystal operators f̃i and ẽi with i ∈ I. Each vertex b in B(ν) has
a weight wt(b) ∈ P so that

(16) sν =
∑

b∈B(ν)

ewt(b).

In particular the cardinality of B(ν) is equal to the dimension of V (ν). Also B(ν) has a unique
source vertex bλ which is the unique vertex killed by all the crystal operators ẽi, i ∈ I. The
multiplicity bν,λ+µ♦(1) is then equal to the cardinality of the set

Hλ+µ♦ = {b ∈ B(ν) | ẽi(b) = 0, i ∈ I and wt(b) = λ+ µ♦}.

This thus reduces the combinatorial description of the polynomials Kν,µ(1, q) to that of the

polynomials Kλ,µ(q), i.e. to that of the ordinary Lusztig q-analogues. More precisely, denote

by B(b) the parabolic crystal with highest weight vertex b ∈ Hλ+µ♦ (that is, the crystal B(b) is

obtained by applying the crystal operators f̃i, i ∈ I to b). Then wt(b) belongs to P+. Assume
one knows a map

(17) ch : B(b)→ N
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such that ∑
b′∈B(b)µ

qch(b′) = Kλ+µ�,µ(q) = Kλ,µ(q)

where wt(b) = λ + µ♦ belongs to P+ and B(b)µ = {b′ ∈ B(b) | wt(b′) = µ}. Then, we have by
Theorem 3.1

Kν,µ(1, q) =
∑

b∈H
λ+µ♦

∑
b′∈B(b)µ

qch(b′).

In particular, when g is of classical type Bn, Cn or Dn and g is isomorphic to gln (i.e. I =
I \ {n}), there are various combinatorial models for the crystal B(ν) and also for computing the
branching coefficients bν,λ+µ♦(1) without constructing the whole crystal B(ν) (see [10] and the

reference therein). Moreover the parabolic Lusztig q-analogues Kλ,µ(q) then coincide with the

Kostka polynomials of type An−1 whose combinatorial description was given by Lascoux and
Schützenberger in [11] thanks to the so-called charge statistics on semistandard tableaux (see
also [23] for a recent geometric description of the charge). This charge statistics can also be
defined purely in terms of crystals and then be used as a map ch (see (17)). For the exceptional
types, there is always a unique node in I to remove in order to get a maximal parabolic root
system of type A. Therefore, this strategy also works even if the combinatorial description of
the crystals is then more complicated.

6.2. Combinatorial description of the double deformation Kν,µ(p+1, q+1). We will now
explain how it is possible to get a combinatorial description of the polynomials Kν,µ(p+1, q+1)
when ν ∈ P+ and µ ∈ P in terms of a polynomial statistics on the vertices of the crystal graph
B(ν) thanks to Theorem 4.1. As far as we are aware this combinatorial description is new even
in the case where p = q. To do this, let us consider two copies Rb+ and Rr+ of the set of positive

roots R+ that can be thought as positive roots colored in blue and red. Let R+ = Rb+ t Rr+.
We will use bold symbols to denote a colored positive root α in R+ and write |α| for its
corresponding uncolored root in R+ (obtained by forgetting its color). For any multiset S of
R+ (this means that a colored positive root may appear more than once in S), denote by d(S)

and e(S) respectively the numbers of blue roots in Rb+ \R
b
+ and R

b
+ it contains. Write for short

S b R+ when S is a multiset of R+ and for such a multiset, put Σ(S) =
∑

α∈S |α| the sum of
the roots it contains once the colors are forgotten.

Lemma 6.1. We have

(18)
1∏

α∈R+\R+
(1− (p+ 1)e−α)

∏
α∈R+

(1− (q + 1)e−α)
=
∑
β∈Q+

Np,q(β)e−β

where

(19) Np,q(β) =
∑

SbR+|Σ(S)=β

pd(S)qe(S).

Proof. We have for α ∈ R+ \R+

1

1− (p+ 1)e−α
=
∑
k≥0

(p+ 1)ke−kα =
∑
k≥0

k∑
a=0

(
k

a

)
pae−kα =

∑
Sαb{αb,αr}

pd(Sα)e−Σ(Sα)
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where the last sum runs over the multisets Sα containing only the colored roots αb or αr.
Similarly for α ∈ R+, one gets

1

1− (q + 1)e−α
=

∑
Sαb{αb,αr}

qe(Sα)e−Σ(Sα).

The lemma follows by using that the left hand side of (18) is product rational geometric series
of the two previous types. �

Now recall we proved in Theorem 4.1 the identity

∆ =

∏
α∈R+

(1− e−α)∏
α∈R+\R+

(1− (p+ 1)e−α)
∏
α∈R+

(1− (q + 1)e−α)
=
∑
β∈Q+

K0,−β(p+ 1, q + 1)e−β.

In order to get an analogue of Lemma 6.1 for ∆, we need to restrict the possible multisets of R+

that we consider. Given a colored positive root α and S b R, denote by mα(S) its multiplicity
in S. Let us say that S b R+ is admissible when for any red root α ∈ Rb+ such that mα(S) > 0,
its associated blue root α′ such that |α| = |α′| also satisfies mα′(S) > 0 (but we do not assume
here that mα(S) = mα′(S)). Roughly speaking, this means that S is admissible when it cannot
contain a red positive root α such that α = |α| without also containing the blue version of α.
Observe that the empty set is admissible. Write for short S ba R+ when S is an admissible
multiset of R+. Finally for any β in Q set

(20) Rp,q(β) =
∑

SbaR+|Σ(S)=β

pd(S)qe(S)

when β ∈ Q+ and Rp,q(β) = 0 otherwise. We get the following equality.

Lemma 6.2. For ant β in Q+ we have K0,−β(p+ 1, q + 1) = Rp,q(β).

Proof. The proof follows the same line as Proof of Lemma 19. As in (12), we get for α ∈ R+ \R+

1− e−α

1− (p+ 1)e−α
= 1 + pe−α

∑
k≥0

(p+ 1)ke−kα = 1 + pe−α
∑
k≥0

k∑
a=0

(
k

a

)
pae−kα =

∑
Sαba{αb,αr}

pd(Sα)e−Σ(Sα)

where the last sum runs over the restricted multisets Sα containing only the colored roots αb or
αr. Similarly for α ∈ R+, one gets

1− e−α

1− (q + 1)e−α
=

∑
Sαbr{αb,αr}

qe(Sα)e−Σ(Sα).

The lemma follows by using that ∆ is a product of rational series of the two previous types. �

We now define the polynomial µ-charge statistics χµp,q on the vertices of B(λ) as follows

χµp,q :

{
B(λ)→ Z≥0[p, q]

b 7−→ Rp,q(wt(b)− µ)

where the polynomials Rp,q are defined in (20) and the weight function wt is the same as in
(16). In particular, we have χµp,q(b) = 0 when wt(b) is not greater or equal to µ in the dominant
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order. The following theorem describes the polynomial Kν,µ(p+ 1, q+ 1) as the generating series
for the polynomial µ-charge statistics χp,q over the vertices of the crystal B(ν).

Theorem 6.3. For any dominant weight ν and any weight µ, we have

Kν,µ(p+ 1, q + 1) =
∑

b∈B(ν)≥µ

χµp,q(b)

where B(ν)≥µ = {b ∈ B(ν) | wt(b) ≥ µ}.

Proof. By Theorem 4.1 and Lemma 6.2, one obtains the decomposition

Kν,µ(p+ 1, q + 1) =
∑
β∈Q+

Kν,µ+βK0,−β(p+ 1, q + 1) =
∑
β∈Q+

Kν,µ+βRp,q(β).

Now, we have

Kν,µ+β = card (b ∈ B(ν) | wt(b) = µ+ β)

and therefore

Kν,µ(p+ 1, q + 1) =
∑
β∈Q+

∑
b∈B(ν)|wt(b)=µ+β

Rp,q(β) =
∑

b∈B(ν)

Rp,q(wt(b)− µ) =

∑
b∈B(ν)

χµp,q(b) =
∑

b∈B(ν)≥µ

χµp,q(b)

as desired since χµp,q(b) = 0 when wt(b) is not greater or equal to µ. �

Example 6.4. We give below the tableau realization of the crystal graph B(λ) of the adjoint
representation in type A2 with highest weight λ = ω1 + ω2. We have R+ = {α1, α2, α1 + α2).
For µ = 0 we indicate the values of the polynomial statistics χµp,q(b) on the vertices b such that
w(b) ≥ 0:

2
1 1

1
↙

2
↘

2
1 2

3
1 1

2↓ 1↓
2
1 3

3
1 2

2↓ 1↓
3
1 3

3
2 2

1
↘

2
↙

3
2 3

b
2
1 3

3
1 2

2
1 2

3
1 1

2
1 1

χµp,p(b) 1 1 q q q2 + q

For example, when b =
2
1 1

is the highest weight vertex, the admissible multisets of colored



PARABOLIC RESTRICTIONS AND DOUBLE DEFORMATIONS OF WEIGHT MULTIPLICITIES 19

roots summing up λ = α1 + α2 are

{(α1 + α2)b} and {{(α1)b, {α2)b}
which gives χµp,p(b) = q2 + q. Finally we have

Kλ,µ(q + 1, q + 1) = 2 + 2q + (q2 + q) = q2 + 3q + 2 = (q + 1)2 + (q + 1)

as expected.

Remark 6.5. One could imagine obtaining a combinatorial description of the Lusztig q-analogue
Kλ,µ(q, q) from that of Kλ,µ(q + 1, q + 1) by changing q in q − 1 and next trying to understand
the possible cancellations. This interesting question does not seem easy in particular because
Kλ,µ(q, q) only have nonnegative coefficients when both λ and µ are dominant.

6.3. Some analogues of the Hall-Littlewood polynomials. Recall that the character ring
Z[p, q]W [P ] of g can be endowed with a scalar product 〈·, ·〉(p,q) such that 〈sν , sµ〉(p,q) = δν,µ for
any dominant weights ν and µ in P+. For any µ in P+, one can then define the polynomial

Q′µ(p, q) =
1

aρ

∑
w∈W

ε(w)w

(
eµ+ρ∏

α∈R+\R+
(1− peα)

∏
α∈R+

(1− qeα)

)
.

Proposition 6.6. We have

Q′µ(p, q) =
∑

ν∈P+,µ≤ν
Kν,µ(p, q)sν .

In particular {Q′µ(p, q) | µ ∈ P+} is a Z-basis of Z[p, q]W [P ].

Proof. By using the expansion (3) of the (p, q)-Kostant partition, we get

Q′µ(p, q) =
∑
β∈Q+

1

aρ

∑
w∈W

ε(w)Pp,q(β)ew(µ+ρ+β) =
∑
β∈Q+

Pp,q(β)
aµ+β+ρ

aρ
=
∑
β∈Q+

Pp,q(β)sµ+β.

Now, for any β ∈ Q+ we have sµ+β = 0 or their exists an element w in W and a dominant weight
ν such that ν + ρ = w−1(µ+ β + ρ) and sµ+β = ε(w)sν . Then, we have β = w(ν + ρ)− ρ− µ.
By gathering the contributions of the same character sν , one obtains

Q′µ(p, q) =
∑
w∈W

ε(w)Pp,q(w(ν + ρ)− ρ− µ)sν =
∑

ν∈P+,µ≤ν
Kν,µ(p, q)sν

as expected because Kν,µ(p, q) is nonzero only when µ ≤ ν. �

We can then define the basis {Pν(p, q) | ν ∈ P+} as the dual basis of {Q′µ(p, q) | µ ∈ P+} for the
scalar product 〈·, ·〉(p,q). We then have

sν =
∑
µ∈P+

Kν,µ(p, q)Pµ(p, q).

When p = q, the polynomials Pµ(q) are the Hall-Littlewood polynomials. They are deeply
connected with the theory of affine Hecke algebras (see [20] for a detailed review). In particular,
by using the Satake isomorphism, one can prove that the polynomials Kν,µ(q, q) = Kν,µ(q)
are affine Kazhdan-Lusztig polynomials. For the double deformations introduced here, the
connection with the theory of affine Hecke algebras cannot be obtained similarly. There indeed
exist unequal parameters affine Hecke algebras constructed from weight functions on the set
of positive roots. Nevertheless, these weight functions should be constant on the roots which
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belong to the same orbit under the action of W. This is not always the case in our setting since
R+ is not stable under the action of W .
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[1] N. Bourbaki, Groupes et algèbres de Lie, Chapitres 4,5,6, Springer (2007).
[2] A. Boer, Normality of some nilpotent varieties and cohomology of lines bundles on the cotangent bundles of

the flag variety, in Lie theory and geometry in honor of Bertrand Kostant, ed J. L. Brylinski, V. Guillemin,
V. Kac, Progess in Mathematics, 123, 1-18 (1994).

[3] R-K. Brylinski, Limits of weight spaces, Lusztig’s q-analogs and fiberings of adjoint orbits, J. Amer. Math.
Soc, 2, no.3, 517-533 (1989).

[4] H. Choi, D. Kim, S. J. Lee, Lusztig q-weight multiplicities and Kirillov-Reshetikhin crystals, arXiv:
2412.20757.

[5] W. Fulton, J. Harris, Representation theory, Graduate Texts in Mathematics, Springer-Verlag (1996).
[6] G. Goodman, N. R Wallach, Representation theory and invariants of the classical groups, Cambridge

University Press (2003).
[7] W-H. Hesselink, Characters of the nullcone, Math. Ann. 252, 179-182 (1980).
[8] J. E. Humphreys, Reflection groups and Coxeter groups, Cambridge studies in advance mathematics 29,

Cambridge University Press (1990).
[9] B. Kostant, Lie groups representations on polynomial rings, Amer. J. Math, 85, 327-404 (1963).

[10] J-H. Kwon, Combinatorial extension of stable branching rules for classical Lie groups, Transactions of AMS
370, 6125-6152 (2018).

[11] A. Lascoux, M-P. Schützenberger, Sur une conjecture de H.O Foulkes, CR Acad Sci Paris, 288, 95-98
(1979).

[12] Cédric Lecouvey, A duality between q-multiplicities in tensor product and q-multiplicities of weights for
the roots systems of type B,D or D, JCTA 113, 739-761 (2006).

[13] Cédric Lecouvey, Branching rules, Kostka-Foulkes polynomials and q-multiplicities in tensor product for
the root systems Bn, Cn and Dn. Algebr. Represent. Theory 9, 377-402 (2006).

[14] C.Lecouvey and C. Lenart, Combinatorics of generalized exponents, IMRN 16, 4942-4992 (2020).
[15] C.Lecouvey, M. Okado and M. Shimozono, Affine crystals, one-dimensional sums and parabolic Lusztig

q-analogues, Math. Zeit, 271, 819-865 (2012).
[16] C.Lecouvey and D. Wahiche, Character expansions of parabolic Weyl-Kac denominator formulas, in

preparation.
[17] S. J. Lee, Combinatorial description of Lusztig q-weight multiplicities, Arxiv: 2409.02341
[18] G. Lusztig, Singularities, character formulas, and a q-analog of weight multiplicities, Analyse et topologie

sur les espaces singuliers (II-III), Astérisque 101-102, 208-227 (1983).
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