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Abstract. In this paper we study compact Riemannian symmetric
spaces whose maximal tori are as simple as possible: metric products of cir-
cles. In particular, using representation theory, we construct explicitly an
isometric embedding of such spaces X into Euclidean space with the property
that geodesic symmetries of X extend to reflections along normal spaces. The
converse is also true: extrinsically symmetric submanifolds have rectangular
maximal tori. Further, such embedding of X is unique up to congruence, and
all isometries of X extend to isometries of the ambient Euclidean space.

1. Introduction

This work grew out from an attempt to understand a fundamental theorem of L0OOS,
namely [L3| Satz 6], announced in [L2] and saying that a Riemannian symmetric space
with cubic unit lattice is affinely equivalent to a symmetric R-space. Recall that a
symmetric R-space arises as an orbit L(£) of a point £ in the boundary at infinity of
a Riemannian symmetric space L/G of non-compact type (L semi-simple, non-compact
and with trivial center and G maximal compact in L) such that (G, Ge¢) is a symmetric
pair, where G¢ is the stabilizer of £ in G. Since G(§) = L(§), the symmetric R-space can
be identified with G/G¢ and is thus a compact affine symmetric space. The unit lattice
of a compact Riemannian symmetric space X is the lattice of a maximal torus T of X
that is the set of all tangent vectors of T" at a point p € T which are mapped to p by the
Riemannian exponential map at p. It is called rectangular (cubic) if it has an orthogonal
basis (orthonormal basis after scaling).

Loos’ proof of [L3l, Satz 6] consists of translating the problem into the language of
Jordan triple systems where he solves it using extensive calculations. We were therefore
looking for a second, possibly more geometric proof. It is led by the following ideas: The
unit sphere in the tangent space of L/G at eG can be identified with the boundary at
infinity of L/G in a G-equivariant way by mapping v to 7, (c0), where =, is the geodesic
in L/G starting at eG in direction v. A symmetric R-space G/G¢ can thus be identified
with an orbit G(v) of the linear isotropy representation (s-representation) of L/G and
inherits a Riemannian metric. This is called the standard embedding of the symmetric
R-space G/G¢. FERUS [F] has shown that a standardly embedded symmetric R-space
is an extrinsically symmetric space (that is a submanifold of a Euclidean space which is
invariant under the reflections along all its affine normal spaces) and, more importantly,
that any compact extrinsically symmetric space of positive dimension is congruent to a
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symmetric R-space considered as an s-orbit (see [EH] for a short proof). Now our main
result can be formulated as follows:

THEOREM 1.1. A Riemannian symmetric space X with rectangular unit lattice ad-
mits a full isometric embedding ® in a Fuclidean space E whose image is extrinsically
symmetric. Moreover, such an embedding is unique up to congruence.

By means of FERUS’ result the first part of Theorem [I.] shows that a Riemann-
ian symmetric space with rectangular unit lattice is affinely equivalent to a symmetric
R-space and thus provides a new proof of [L3| Satz 6]. As a direct consequence of the
uniqueness statement of Theorem [1.1|every (intrinsic) isometry between full compact ex-
trinsically symmetric spaces is induced from an isometry between the ambient Euclidean
spaces (Corollary .

Note that the (easier) converse of the first part of Theorem is also true: The
unit lattice of a compact extrinsically symmetric space is rectangular (cf. Theorem [A.6)).
We refer to [EHQ) for a geometric proof (see also [EQT1]). In the context of symmetric
R-spaces this statement is essentially [L3, Satz 5] and can already be found in TAKEUCHI
[T1], Cor. 1, p. 158f. and Cor. 1, p. 165].

Our proof of Theorem is based on the following considerations: Let X = G/K
be a compact Riemannian symmetric space with rectangular unit lattice. Since compact
extrinsically symmetric spaces are essentially s-orbits that are symmetric R-spaces, we
are looking for a G-equivariant embedding ® : X — FE in a Euclidean vector space
FE on which G acts by orthogonal transformations. Such an embedding ® maps eK
to a non-zero element v, € E which is fixed by K. An irreducible representation of G
with a non-zero K-fixed vector is called K -spherical and may be seen as an irreducible
representation of X. According to a theorem of CARTAN, HELGASON and TAKEUCHI
(see [T3] and Appendix the complex irreducible representations of X = G/K are
parameterized by orbits of the Weyl group Wx of X acting on the dual I'%; of the the unit
lattice I'x of X, in complete analogy to the highest weight theorem for representations
of compact Lie groups. If X is indecomposable (that is not a Riemannian product of
two symmetric spaces of positive dimension) and &1, ...,¢, € I'% is the dual basis of an
orthogonal basis of T'x, then we show that Wx(e1) contains {ey,...,e,} (Proposition
. It is therefore tempting to consider the complex irreducible K-spherical G-module
V with the lowest possible ‘highest weight’ W (e1). If vg € V' is a non-zero fixed vector
of K and V is endowed with the real part of a suitable G-invariant hermitian metric,
then @ : X = G/K — V, gK +— gup, turns out to be an isometric embedding. Moreover,
since there are no non-zero weights strictly lower than £;, ® maps maximal tori of X
to Clifford tori in V| that is to products of circles in pairwise orthogonal planes. By a
previous result of the authors [EHQ)] (see Theorem ®(X) is extrinsically symmetric.

To prepare the proof as well as to investigate Riemannian symmetric spaces with
rectangular unit lattice by themselves we study in the first part of this paper the relation-
ship between the unit lattice and the (restricted) root system of a compact Riemannian
symmetric space. Several of the results are known. However, our proofs are more direct
neither using the correspondence between symmetric spaces with rectangular unit lattice
and symmetric R-spaces nor classification results. We formalize the relationship between
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unit lattices and root systems by defining the notion of a Fuclidean root datum of a
compact Riemannian symmetric space generalizing the root data of compact Lie groups
(equivalently of complex reductive algebraic groups). A Euclidean root datum not only
contains the information about the root system, but also the position of the symmetric
space within the poset of symmetric quotients of its universal cover and, in particular, its
fundamental group. We compute explicitly the Euclidean root data for indecomposable
symmetric spaces with rectangular unit lattice and show that there are precisely five
possibilities (Theorem . As applications we get a generalization of the polysphere
theorem for hermitian symmetric spaces of compact type to all simply connected sym-
metric spaces with rectangular unit lattice (Theorem [3.8)) and an explicit formula for the
eigenvalues of the Laplacian for this class of spaces (Proposition . The last result
implies in particular that the extrinsically symmetric embeddings ® from Theorem
are embeddings in the first eigenspace of the Laplacian in almost all cases (Corollary,
confirming a result of OHNITA [O] about standard embeddings of symmetric R-spaces.

2. Preliminaries

We recall some standard facts about symmetric spaces and fix notations. For more
details see e. g. [H3, [L1].

In the following a symmetric space will always mean a connected Riemannian sym-
metric space of positive dimension, usually denoted by X. Thus for each z € X there
exists an involutive isometry s, of X, called the geodesic symmetry at x, that has x as an
isolated fixed point. We denote by I(X) the group of isometries of X and by G = G(X)
the closed subgroup of I(X) that is generated by the transvections s, o s, with p,q € X.
Then G is a connected Lie group that acts transitively and effectively on X and we call
it the transvection group of X. If X is compact, then G coincides with the connected
component of I(X) containing the identity.

We now fix a base point p € X and let K = G, be the isotropy group of G at p.
This yields an identification G/K — X, gK +— g.p := g(p), which becomes an isometry
if G/K is endowed with the pull-back metric. This is G-invariant and the geodesic
symmetry s, of X at p corresponds on G/K to the map gK +— o(g)K, where o is the
involutive automorphism of G given by the conjugation with s,. Since K is an open
subgroup of G = {g € G : o(g9) = g}, (G, K) is a symmetric pair. The differential of
o at e € G, also denoted by o, induces a splitting of the Lie algebra g of G asg=¢t®p
into the fixed point sets £ and p of o and —o, respectively. Note that £ is the Lie algebra
of K. We identify p with T, X via v — %L:O (exp(tv).p), where exp : g — G is the Lie
theoretic exponential map, and we take on p the pull-back inner product. Using this
identification the curvature tensor R of X at p is given by R(X,Y)Z = [Z, [X, Y]] for all
X,Y,Z € p and the Riemannian exponential map Exp, : T, X — X of X at p satisfies
Exp, (V) = exp(V).p for all V € p.

We further fix a maximal flat F'x of X through p, that is a connected, flat, totally
geodesic submanifold of X of maximal dimension. Since G acts transitively on the set
of pairs (x, F'), where x € X and F is a maximal flat of X containing z, the rank of
X, which is the dimension of a maximal flat of X, is well-defined. The tangent space of
Fx at p is identified with a maximal abelian subspace a of p. Conversely, any maximal
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abelian subspace a of p gives rise to the maximal flat exp(a).p of X through p.
The unit lattice of a symmetric space X (with respect to (p, Fx)) is

I'x:={H€a: exp(H).p=p}={H€a: exp(H) € K},

which is a lattice in a, that is a discrete subgroup of the additive group a. I'x is full in a,
that is it spans a, if and only if X is compact. In any case the Riemannian exponential
map identifies a/T'x with Fx. If X is compact a/T'x is a flat torus and Fx is called a
mazimal torus of X, also denoted by T'x.

Assume from now on that X is compact or, more generally, covers a compact sym-
metric space. For an element o € a* = Hom(a, R) let

9o ={Z€9g®C:ad(H)Z =2mia(H)Z for all H € a}
and

Rx :={a€a*\{0}: go #{0}}.

Then [ga, 98] C ga+p for all o, € a* and

19C=g0® P 9o
a€ERx

Rx is called the root system of X (with respect to (p, Fix)) although it is only a root
system in a subspace of a*. Note that up to isomorphism the triple (a,T'x,Rx) only
depends on X, that is if (p, F) is replaced by (p/, F’) and thus a, I'x, Rx by o/, I'y, Ry
then there exists a linear isometry ¢ : a — o’ with ¢(I'x) =I'y and p(Rx) = R’y where
¢(a) = aop! for a € a*. The interplay between the unit lattice and the set of roots is
discussed in Appendix [A7]]

If r : X — X' is a Riemannian covering of symmetric spaces then G(X) covers G(X)
as the geodesic symmetries of X push down to geodesic symmetries of X’ inducing a
surjective homomorphism G = G(X) — G(X') = G'. Its kernel is contained in the
group of deck transformations of 7 and thus discrete. We may assume g = g’ for the
Lie algebras of G and G’ and further € = ¢ and a = a’ by choosing appropriate base
points and maximal flats in X and X’. In particular I'x C I'ys and Rx = Rx-. Since
the universal cover of X splits as Xg x X, where Xy is a Euclidean space and X7 is
a simply connected symmetric space of compact type (one of them possibly a point),

a splits orthognally as a = ag @ a3 with ag = [) ker(«). Restriction to a; yields an
a€ERx
isometric isomorphism from span(R x) to af that maps Rx onto the root system of Xj.

In particular, R x is a root system in its linear span.

The Weyl group Wx of X (corresponding to (p, F')) is the subgroup of the orthogonal
group of a that is generated by the orthogonal reflections s, along the hyperplanes ker(«)
with a € Rx. Recall that

so(H)=H — a(H)a"
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for all H € a, where a¥ € a is the unique vector orthogonal to ker(«) with a(a) = 2.

It is equal to ﬁHa, where H, € a is determined by o(H) = (H,, H) for all H € a.

RY% = {a¥: a € Rx} is called the set of inverse roots and is a root system in ag. The
Weyl group has a second description as Wx = M'/M with M’ ={k € K : Ad(k)a = a}
and M = {k € K: Ad(k)H = H for all H € a} (see e.g. [L1, Prop. 2.2, p. 67]). In
particular, Wx preserves the unit lattice I'x and the set of roots Rx. Note that Wx
also acts on a* by w.p := @ ow™! for all w € Wx and ¢ € a*.

A symmetric space X is called decomposable if X is isometric to a Riemannian prod-
uct of positive dimensional Riemannian manifolds. Otherwise X is called indecomposable.

LEMMA 2.1 (Splitting Lemma for compact symmetric spaces). Let X =2 G/K be a
compact symmetric space. Then the following assertions are equivalent:

(1) X is decomposable.

(2) a splits as an orthogonal direct sum a = a3 ®ag of non-trivial Wx -invariant subspaces
such that the unit lattice Tx of X splits accordingly as Tx = (Cx Nay) + (I'x Nas).

PROOF. Obviously the first statement implies the second one. We now assume
the second assertion. Since for all @ € Rx the reflection s, is an element of Wx, a; and
as split into eigenspaces of s,. The (—1)-eigenspace of such an s,, is generated by H,, € a.
Thus for any a € Rx we have either H, € a; or H, € as. Hence the set of roots of X is
a disjoint union Rx = R1 URy where R; = {a € Rx : H, € a;}, j =1,2 (cf. [S| Prop.
10, p. V-21]). Thus p = T,X splits orthogonally into two curvature invariant subspaces
p = p1 @ p2, where p; = a; + Zaenj (§a + 9—a) NP, 5 = 1,2. Consequently X splits
locally as X; x X, where X; = exp(p;).p, j € {1,2}, are totally geodesic submanifolds
of X (see e.g. [H3l Chap. IV, §7]), and X is covered by X; x Xs.

On the other hand, the maximal torus of X splits globally as Tx = exp(a).p =
a/Tx =(a1+a2)/(TCxNa)+ TxNaz)) = (a;/(TxNay)) x(ax/(Cx Nag)) =T1 x Ty
where T; = exp(a;).p = a;/(I'x Na;) for j = 1,2. Thus when restricted to Tx =T x Tb
(or to any other maximal torus of Xy x X5) the covering 7 : X; X X5 — X is one-to-one.
Let now ¢ and ¢’ be two points in X; x X5 with 7(q) = 7(q¢’). Since ¢ and ¢’ can be
joint by a geodesic, there is a maximal torus of X; x X5 containing both points ¢ and
q'. Since the restriction of 7 to this maximal torus is injective, we get ¢ = ¢’. Thus 7 is
globally one-to-one and X splits as a product X; x Xs. O

3. The Roots of a Symmetric Space with Rectangular Unit Lattice

In this section we analyse the interplay between the unit lattice and the set of roots
of symmetric spaces with rectangular unit lattice.

A symmetric space X has rectangular unit lattice I'x C a, if there exists an orthog-
onal basis eq, ..., e, of a whose Z-span is'x. If ey, ..., e, can be chosen to have the same
length, then X is said to have cubic unit lattice. A symmetric space with rectangular
unit lattice is necessarily compact as its maximal flats are compact.

Symmetric spaces with rectangular unit lattice include extrinsically symmetric space
(see [EHQ] and the references therein), in particular hermitian symmetric spaces of
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compact type. We will see in Section [4] that every symmetric space with a rectangular
unit lattice can be realized as an extrinsically symmetric space.
In the remainder of this section X will always denote an indecomposable symmetric

space of rank r > 1 with rectangular unit lattice I'x, e1,..., e, an orthogonal basis of
I'x, and €1, ..., &, the corresponding dual basis of a*.
PROPOSITION 3.1. The Weyl group Wx leaves {+£ey,...,+e,.} invariant and there

are two possibilities:
(I) X is of compact type and Wx acts transitively on {xey,...,+e.}.

(II) The Euclidean factor in the universal cover of X is 1-dimensional and the action
of Wx on {%ey,...,+e.} has two different orbits which differ by a sign. Each
orbit is a basis of I'x and has the form {\e1,..., Are,} for suitable \; € {—1, 1}.

In particular, ey, ..., e, is always a cubic basis.

PROOF. By orthogonality the set of shortest vectors in I'x \ {0} is contained in
the set {£ey,...,%e.}. Thus {ey,...,e,} contains an element of shortest length in I"x \
{0}, say e;. Since Wx acts isometrically on a leaving I'x invariant, Wx (e1) U Wx (—e1)
consists of shortest elements of I'x \ {0} and is therefore contained in {+e, ..., +e,}. Let
J = {j e{l,...,r}: e; € Wx(e1) UWX(—el)}. Then a = a; & ap with a; := spang{e; :
j € J} and ap = spang{er : k € {1,...,7}\ J}. This is a Wx-invariant orthogonal
decomposition of a such that I'x = (T'x Na;) + (T'x Naz). Since X is indecomposable,
Lemma [2.1| yields J = {1,...,r}. This shows Wx(e;) U Wx(—e;) = {xeu,...,*e,} for
every j € {1,...,r}. Thus the action of Wx on {%ey,...,*e,} has at most two orbits.
If there are two different orbits, then each orbit must be a basis of I'x and the two orbits
differ by a sign.

A positive dimensional Euclidean factor in the de Rham decomposition for the uni-
versal cover of X corresponds to a nonzero linear subspace ag in a on which Wx acts
trivially. If W acts transitively on {+eq,..., te,}, then the only fixed vector of Wy in
a is 0, that is ag = {0}. In the other case we may assume (after suitably changing the
signs) that {e1,...,e.} is a Wx-orbit. Then ag = R- Z;Zl e; and the Euclidean factor

in the de Rham decomposition of X, the universal cover of X, has dimension one. O

PropOSITION 3.2 (c. f. [L3|, Lemma 7]). 2Rx C {*e;, +2¢;, +(g; ) : 1 <
Jk<r}

PROOF. Leta € Rx.Then 2a = ) mje; for some m; € Z by (i) in Theorem
j=1

Thus $a¥ = —2— Y mye;. By (ii) in Theorem we get ==k € Z for all

T
> m? k=1 =17

i=1
=1,...,7 and the claim follows. U

PROPOSITION 3.3. After suitable changes of signs for some of the g; we have

{ei—g;: 1<i<j<r}C2Rx.
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ProOOF. Let I ={1,...,r}. We show by induction on k that for all k € T we
have:

() There exists I’ C I with |I'| =k and ¢; —¢; € 2Rx for all 4,j € I’, i # j, after a
possible change of signs of some of the ¢;, i € I'.

While (), proves the Proposition, (x); is obvious.

Assume that I’ satisfies (%) for some k < r. Then {*e; : i € I'} is not Wx-invariant
according to Proposition More precisely, there exists £ € I' and m € I\ I’ with
Er+em €2Rx or g — ey € 2Rx as Wy is generated according to Proposition |3:Z| by
reflections of the form s.,, sc, 1, or s¢,¢;, i,j € I, i # j. Note that these generators
only occur if the corresponding roots occur and that they leave {+e,} invariant for
all n € I except in case of s.,+., which both interchange {+e;} with {#e;}. After a
possible change of sign of €,, we may assume ¢, — &,,, € 2R x. But then also ¢; — ¢,,, =
Se;—e,(80 —€m) € 2Rx for all i € I'. Thus I’ U {m} satisfies (x)r41 completing the
induction step. O

PROPOSITION 3.4. Rx is one of the following classical Toot systems:

Ri=3{ej—en(1<j#k<r)} (Ar-1),
Ro=4{+e;(1<j<r), e+, (1<j<k<r)} B,),
Ry=2{+2,;(1<j<r), +e;+e,(1<j<k<r)} (C),
Ri=3{Le;jxer(1<j<k<r)} (D,),
Rs=2{+e;(1<j<r), £2;,(1<j<r), 2e; e, (1<j<k<r)} (BC,).

Except for the first case Rx is a root systems in a* and X is of compact type and

Wx.ey = {%ey,...,*e.}. In the first case Rx is a root system in the codimension-
one subspace {a € a* : a(Z;.L:l ej) = 0} of a* and X splits off locally an S'-factor.
Moreover, Wx.e; = {ej,...,e,} in the first case. Except for Do, Rx is an irreducible

root, system in its span.

PROOF. By Proposition [3.3] we may assume that ¢; — 5, € 2Rx for all j,k €
I={1,...,r} with j # k. Now we distinguish two cases:

(i) There exists j € I with {¢;,2¢;} N2Rx #0:
If ¢; € 2Rx or 2¢; € 2Rx for one (and hence all) j € I then the reflections
se; € Wx allow us to change the signs of the ¢; individually. Thus all e;+¢; € 2R x.
This yields the root systems of type B,., C,. and BC,. for r > 1 depending on whether
€; or 2¢; or both are contained in 2R x.

(i) For all j € I we have {g;,2¢;} N2Rx =0:
Then either 2Rx = A,_1 = {£(e; —¢ex) : j,k € I, j # k} or some (hence all)
gj+er €2Rx and 2Rx = D, = {£(ej tey) : j,k €I, j # k}.

O

NOTE 3.5. The root systems of irreducible hermitian symmetric spaces of com-
pact type (C, and BC,) are determined in [M) Thm. 2, p. 362]. A list of root systems
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(and fundamental groups) of irreducible symmetric R-spaces can be found in [T'2] p. 305]
which is based on an extensive study of symmetric R-spaces in [T1] .

A Euclidean root datum is a triple (V,T', R) cousisting of a Euclidean vector space V,
a full lattice T" in V and a root system R in a subspace of V* such that I'o(R) C T' C T'1(R)
where 2I'g(R) is the Z-span of RY and 2I'1(R) = {v € V : a(v) € Z for all « € R}. To
each Riemannian symmetric space Y one can associate a Euclidean root datum (up to
isomorphism) by taking V =a, ' =Ty and R = Ry (see Appendix .

Let (V;,T',R;), j =1,...,5, be the Euclidean root datum with V;. an r-dimensional
Euclidean vector space, 'y, a lattice in V,. spanned by an orthogonal basis ey, ..., e,
of common length I > 0 and R; one of the five root systems explicitly described in
Proposition in terms of the dual basis e1,...,&, of e1,...,e.. We say that X is of
type gr_l, ET, @, lA)T or EE’T if its Euclidean root datum is up to scaling (that is up
to a choice of L) isomorphic to (V,,I'r,R;) with R; as in Proposition and of the
corresponding type.

THEOREM 3.6. X is of type A\r,l, Er, &, ﬁr or EE'T with r > 2 in case ﬁr and
r > 1 otherwise. The type of X is unique and each type occurs. Moreover,

{1} if X is of type C, or BC,
m(X)={Zy if X is of type B, or D,
4 if X is of type f/l\r,l

PRrROOF. It follows from Propositions [3.1] and [3-4] that the Euclidean root da-
tum of X is isomorphic to (V;.,I'r,R;) for some L > 0 and some j =1,...,5. Thus the
type of X is one of the above. Note that the types Eo and D; coincide as R; =0 in
both cases. The examples U,, SOa,+1, Sp,, SOz, and G, (C?"*1) show that all types
occur. Since m1(X) 2 T'x /Ty by Theorem the statement on the fundamental groups
follows by a simple calculation. Therefore the five type can be distinguished by their
root systems and fundamental groups implying uniqueness. O

REMARK 3.7. Let X be an indecomposable symmetric space with rectangular
unit lattice. Then Case (II) occurs in Proposition |3.1|if and only if X is of type A,_1.

Let Y be a symmetric space and let r be a positive integer. A submanifold S of
Y is called polysphere of rank r, if S is totally geodesic and isometric to a Riemannian
product of r round spheres of dimension at least 2.

THEOREM 3.8 (Polysphere theorem). Let Y be a compact symmetric space of rank
r > 1. Then the following statements are equivalent:

(i) Y contains a polysphere of rank r.
(i) Y is simply connected and has rectangular unit lattice.

PROOF. Assuming (i) let S be a polysphere of rank r in Y. Then the maximal
torus T of S, which is a Riemannian product of circles, is also a maximal torus in Y. Thus
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Y has rectangular unit lattice. Now every closed curve in Y is homotopic to a closed
geodesic 7y in T Since S is simply connected (being a product of spheres of dimension at
least 2), «y is contractible in S and hence in Y. Thus Y is simply connected.

If (ii) holds we may further assume that Y is indecomposable. Then Y is of type @T
or EE’T by Theorem 3.6} In both cases the roots €1, ..., &, are strongly orthogonal, that
isejter ¢ Ry U{0} for j # k. Let j € {1,...,r}. Since in both cases 2¢; ¢ Ry we get a
Lie subtriple s; = R- H., + (g, +9-c,) Np of p. Indeed, [5;,5;] C €@ (g, +9-c;) NE, £
the centralizer of a in £, and [g+.,, g+.,] is orthogonal to all H € a with H | H.,. The
corresponding totally geodesic submanifold S; of Y has non-vanishing constant sectional
curvature and is therefore covered by a simply connected sphere. Strong orthogonality
implies that s; and s; are perpendicular for j # k and that s = é 5; is again a Lie

j=1
subtriple of p. The totally geodesic submanifold S of Y correspon]ding to s is covered
by a product of r simply connected spheres. The root system Rg = {%e1,...,+e,}

of S is a root subsystem of Ry and the unit lattice of S is I's = spang{ey,...,e.} =
spany {%5\1’, ceey %s),/ } . By Theorem S is simply connected and hence a polysphere
of rank r. O

REMARK 3.9. We see slightly more: The polyspheres in Theorem are ac-
tually ‘poly-Helgason-spheres’; that is they are products of maximal dimensional totally
geodesic spheres whose sectional curvature realizes the maximum of the sectional curva-
tures of Y (see [H1]).

Theorem [3.§] generalizes the ‘polysphere theorem’ for hermitian symmetric spaces
of compact type (see e.g. [W] p. 280]). Note that not all simply connected Riemannian
symmetric spaces with rectangular unit lattice are hermitian, e. g. the compact symplectic
groups Sp,,, n > 2, the quaternionic Grassmannians or the Cayley plane.

4. Extrinsically Symmetric Embeddings

In this section we show Theorem As explained in the introduction, it is closely
related to a result of Loos in [L3], but our arguments and our methods are entirely
different. Let X be a Riemannian symmetric space with rectangular unit lattice.

PROOF OF THE EXISTENCE STATEMENT IN THEOREM [l We may assume
that X is indecomposable and has positive dimension. By Proposition [3.I] we can choose
an orthogonal basis B = {ey,...,e,} of I'x such that

(I) Wx(e1) = BU(—B) if X is of compact type, or
(IT) Wx(e1) = B if X splits off a local S'-factor.

We choose a Weyl chamber a; C a of X containing e in its closure. As before we extend
a to a maximal abelian subalgebra t of g and choose a Weyl chamber in t containing a,
in its closure. This induces a partial ordering on t*. Let {e1,...,&,} C a* C t* be the
basis dual to B, that is €;(e;) = 0 if j # k and ¢;(e;) = 1.

By the Theorem of Cartan-Helgason—Takeuchi, Theorem [A-3] there exists a K-
spherical G-module V' with highest weight €1, which is unique up to equivalence. We
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now choose an element v® € VE\ {0}. This choice is unique up to a complex factor, since
VE has dimension one. We write v° according to the weight space decomposition of V'

(see Equation (g§)) as

V=) =) 0 (1)

wey pneM

with v, € V, and M = {u € Qv : v), # 0}, where Qy is the set of weights for V'
(see Appendix |A.2). From K.v° = {v°} we see that M is Wx-invariant and that (K N
exp(t)).v;, = v;, and therefore u(tNt) = 0 and p(I'x) C Z for all u € M. This shows
that M C I'§; = spang(e1,...,¢&,). Since ¢; is the highest weight of V, we get M \ {0} C
{£e1,...,xe,}. Now g1 € M, since the projection of the highest weight space V., onto

VE is non-zero (see [T3, Lem. 3, p. 92]). As M \ {0} is W-invariant we have

M\ {0} ={+e1,...,te,}in Case (I) or @)
M\ {0} ={e1,...,&-}  in Case (II).

We now consider the G-equivariant (and therefore smooth) map
O : X — F:=spang(G.v°), g.p+— go°. (3)

Let (-, )¢ be a G-invariant hermitian inner product on V, then the G-invariant real inner
product Re((+,-)c) makes E a real Euclidean G-module.
For any H € a we have

D(exp(H).p) = exp(H).v° = v§ + Z eQmﬂ(H)UZ (4)
neM\{0}

and by Equation

O(exp(H).p) —v§= > (62”5:‘<H>ugj +e72mei(H)yo _Yin Case (I) or

J

i=1
T .
O(exp(H).p) —vd=>_ eQmEj(H)vgj in Case (II).
i=1
By Example ®(Tx) is a Clifford torus. The vectors vZ —v?_ ,...,v¢ —v°_ (resp.
vg,,...,v2 ) have the same length as €1, ...,¢&, lie in the same Wx-orbit. Thus the unit

lattice of ®(Tx) is cubic.

Moreover, ®|r, : Tx — ®(Tx) is an isometry after possibly replacing the inner
product on E by a multiple: In fact, the differential of ®|r, at p maps the cubic basis
{e1,...,e.} of T'x onto a cubic basis of the unit lattice of ®(Tx). To show that ®|r, is
injective we assume that ®(exp(H).p) = ®(p) for some H € a. Then ¢;(H) € Z for all
je{l,...,r}. Thus H € T'x and exp(H).p = p.

Since @ is equivariant, it maps any maximal torus of X isometrically onto a Clifford
torus of E. Therefore ® is an isometric embedding of X with the property that every
geodesic of ®(X) is contained in a totally geodesic Clifford torus. By Theorem |A.6| ®(X)
is an extrinsically symmetric space in F.
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Finally, the affine hull aff (®(X)) of ®(X) coincides with E. Otherwise 0 ¢ aff (®(X))
and there would be a unique nonzero element w of minimal length in aff(®(X)). Since
aff(®(X)) is G-invariant, G.w = w, a contradiction to irreducibility. O

REMARK 4.1. Following CARTAN [Cal we can embed V' G-equivariantly into the
space C*°(X) of complex valued smooth functions on X by h : V — C®(X), v > h,,
where h, : X = C, z — (v,®(x))c. The submodule h(V) of C>°(X) contains the
K-invariant function h,.. After multiplying v° with a suitable constant, h,. is given by

hyo (exp(H).p) = a + Z <e277i5j(H) + e—QTriaj(H)>
J=1

=a+2 ) cos(2me;(H)) in Case (I) or
Jj=1
hyo(exp(H).p) =a + 3 e~ 27 (H) in Case (II),
j=1

for all H € a (see Equation ) Here a is a real positive constant such that h,. is
perpendicular to the constant functions with respect to the L2-inner product, that is the
integral of h,. over X vanishes. It can be shown that ¢ = 0 in Case (II) since 0 is not a
weight as it is not contained in the convex hull of the Weyl orbit of ¢;.

To finish the proof of Theorem [1.1] we next show:

THEOREM 4.2 (Uniqueness statement of Theorem. Let X be a symmetric space
with rectangular unit lattice and let ® : X — E and ® : X — E be two full, isometric,
G-equivariant embeddings of X into real G-modules whose images are extrinsically sym-
metric spaces. Then there exists a G-equivariant linear isometry F : E — E such that
Fod=d.

Moreover, if X is indecomposable, then E is irreducible and its complezification E€
(as a G-module) is equivalent to V with V =V if X is of compact type and to V&V
with V2V if X splits off a local S*-factor, where V is the irreducible complex G-module
with highest weight £1.

Proor. By Proposition we may assume that X is indecomposable.
By Theorem [A.6| ®(X) is a submanifold of Clifford type. Given a full, isometric, G-
equivariant embedding ® : X — FE in a (real) Euclidean G-module F, such that ®(X) is
of Clifford type, we recover the representation data of E as follows. With the chosen base
point p € X we set v° := ®(p) € E'\ {0}. Note that v° is K-invariant and ®(X) = G.v°.
Now E¢ = E®C is a complex G-module. Asin Equation (1)) we decompose v° into weight

vectors of E€ as v° = Y vy, where vy, lies in the weight space in £ corresponding to
neM
the weight 11 € Qpe of B¢ and M = {u € Qge : vj, # 0}. Let u € M, then for all H € t

we have exp(H).vj, = e%i“(H)vZ for all H € t. If exp(H) € K then exp(H)v° = v°.
pneM
Hence exp(H)v;, = vj, and therefore y(H) € Z for all u € M. This implies p(tN€) =0
and p € I'y.
Since ® is isometric and ®(X) is of Clifford type, ®(Tx) is a Clifford torus in E by
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Theorem Let {e1,...,e.} be an orthogonal basis of " such that the curves

¢i:R—E, t~— ®(exp(te;).p) = Z 62““”(6-7’)1}/‘1,
pneM

7 =1,...,r, have smallest positive period 1 and parameterize the generating circles of
®(Tx ) through v°. In particular ¢}(0) is perpendicular to ¢} (0) for j # k. By Proposition
We may assume that Wx.e; = {£eq,...,£e.} if X is of compact type, or Wx.e; =
{e1,...,e,} if X splits off a local S'-factor. We fix again a Weyl chamber a, in a
containing e; in its closure, a Weyl chamber t; in t containing ay in its closure and the
partial ordering on t* induced by t;. Let j € {1,...,r}. Since ¢; has smallest positive
period 1 and since ¢;(R) is a planar circle, there are vectors a;,b;,d; € E with ¢;(t) =
dj + cos(2mt)a; + sin(2xt)b; for all t € R. Tt follows that —4m>¢/(0) = ¢}’(0) and hence
p(e;) = ple;)? for all yw € M. Thus for any y € M and for any j € {1,...,7} we have
p(e;) € {—1,0,1}. We extend the inner product on E to a G-invariant Hermitian inner
product on E°. Then vy, is perpendicular to vy, for 4, ' € M with p # u/. Since different
generating circles of ®(T'x) through v° lie in perpendicular planes, we have

0= (¢} (0),¢f(0)) = 16m* - > (ule;))* (ulew))* gl

peM

Ifke{l,...,r} and p € M with p(er) # 0 (i. e. u(eg) = £1) then u(e;) = 0 for all
j # k. Summing up we have

M\ {0} C {£e1,..., %},

where €1,...,e, € a* C t* is the dual basis of ey,...,e.. Note that the only possible
elements in the intersection of M with the closure of a* are £; and g7 := we(—¢€1), where
w, is the unique element in Wx with w,(—a4) = a;.

Since ®(X) = G.v° is full in F, ®(X) is not contained in any proper complex affine
subspace of F ® C. Let V' be an irreducible complex G-submodule of F ® C. Then the
orthogonal projection of v° onto V' is nonzero. Otherwise G.v° would be contained in
the orthogonal complement of V'. Thus V' is K-spherical. Let A’ € (I'%;)+ be the highest
weight of V' (see Theorem [A.3)), then N € (M \ {0}) N (I'k)+ C {e1,21}. This shows
that F ® C is a direct sum of K-spherical G-modules equivalent to V(e1) or V(27) in
the notation of Theorem Note that V(27) = V(e1), the conjugate representation of
V(e1). Since E ® C is equivalent to E ® C, both V(e1) and V(g1) occur in F ® C. But,
by fullness of ®(X), none of the equivalence classes of these modules appears twice in
E®C. Indeed, assume for simplicity that EQC = U@U’, where U and U’ are isomorphic
irreducible complex G-modules. Let f : U — U’ be a G-equivariant isomorphism and let
v =u+u withu € U\ {0} and v’ € U\ {0}. Then v’ = zf(u) for some z € C\ {0},
since U’" has dimension one. But then {u+ zf(u) : u € U} is a proper G-submodule of
E ® C containing ®(X), contradicting the fullness of ®(X).

Summing up we have seen that £ ® C = V(eq) if &1 = &1, that is if X is of compact
type or E®@ C 2 V(1) @ V(ey) if &1 # &1, that is if X splits off a local S'-factor. Thus
E ® C is (up to equivalence) uniquely determined by X. Since the realification of £ ® C
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is equivalent to E @ E, X also determines F uniquely (up to equivalence). Moreover E
must be irreducible, since otherwise F ® C would split into two non-trivial self-conjugate
submodules. If E®C is irreducible (that is if X is of compact type) then E is a real form
of E®C and therefore dimg (EX) = dimc((E®C)X) = 1. If X splits off a local S!-factor,
then FE is equivalent to the realification of V(g1) (which is equal to the realification of
V(e1)) and dimg (E¥) = 2-dimc(V (g1)) = 2. In this case E carries a G-invariant complex
structure J and E¥ = Rv° + RJv°. In any case the G-module E is uniquely determined
by X.

Let & : X — E be another full, isometric, G-equivariant embedding in a Euclidean
G-module E. Then E and E must be equivalent. We may therefore assume that £ = E.
Since 79 := é(o) € EX | there exists a G-equivariant isomorphism f : E — E of the form
f =a-id (if X is of compact type) or f = a-id +b-J with a,b € R, and f(v°®) = 0°.

Therefore f o ® = ®. Since ® and ® are isometries and ®(X) and ®(X) are both full, f
is a linear isometry. O

REMARK 4.3. The proof of Theorem shows that in the context of this
statement F is irreducible and its complexification E® is (as a G-module) equivalent to
V with V 2V if X is of compact type and to V @ V with V 2 V if X splits off a local
Sl-factor, where V is the irreducible complex G-module with highest weight ;.

REMARK 4.4. Let X be a simply connected indecomposable symmetric space
with rectangular unit lattice of rank r > 1, let S be a totally geodesic polysphere (see
Theorem that contains a maximal torus T'x of X and let ® the embedding of Theorem
Then ®(S) splits extrinsically as a product of round 2-spheres in 3-dimensional affine
Euclidean subspaces.

Indeed, since the maximal torus ®(Tx) of ®(S) is a Clifford torus, ®(.9) is of Clifford
type. Thus the intrinsic splitting of S into 2-spheres is also extrinsic by Proposition[A.10}
Now the uniqueness statement of Theorem yields the claim.

The uniqueness statement in Theorem has the following immediate consequence
which is a sharpening of [EQT?2] without using classification and case-by-case studies.

COROLLARY 4.5. Let X1 C E; and Xo C Fy be two compact extrinsically symmetric
spaces (or, equivalently, two submanifolds of Clifford type). Then any isometry f : X1 —
X5 extends to a Euclidean map between the affine hulls of X1 and Xs. In particular
every (intrinsic) isometry of a compact extrinsically symmetric space X C E extends to
a Buclidean motion of the Euclidean space E.

5. Eigenvalues of the Laplacian

The knowledge of the Euclidean root datum of a symmetric space X with rectangular
unit lattice from Section [3] allows us to compute the eigenvalues of the Laplacian of X
by means of FREUDENTHAL’S formula. We conclude in particular that the embedding of
X constructed in Theorem is congruent to an embedding in the first eigenspace in
general up to some exceptional cases. A proof of this last result has been outlined earlier
by KoBAYASHI-TAKEUCHI [KT| and OHNITA [O] using the classification of standardly
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embedded symmetric R-spaces.

Let X be an indecomposable symmetric space with rectangular unit lattice I'x C a.
As in Section [3|let eq, ..., e, be a cubic basis of I'x contained in the Wix-orbit of e; and
let £1,...,&, be the corresponding dual basis. By Section [3] we choose a set of positive
roots Ry in Rx such that

2RL =2Rx N{ej, 2¢j, gj+ ek, g5 —er: 1<j<k<r}

Let 2px be the sum of the positive roots of X counted with their multiplicities, that
is the (complex) dimension of their root spaces. Let my, ma, m4 and m_ denote the
multiplicities of €}, 2¢;, €; + ¢, and €; — ey, respectively (which are independent of j and

k), 1 <j <k <r. Any of them might be zero and m4 = m_ := my, unless X is of type
A,_yor Dy. With 3. (gj+er) =(r—=1) > egjand Y. (gj—ex) = 2 (r—2j+1)g;
1<j<k<r j=1 1<j<k<r j=1
Proposition implies:
LEMMA 5.1.
=3 (r—2j+ 1)y in case A,_q,
j=1
2px = 3 (% + mo +my(r —j)) gj in cases ET, CA',,,IA)T (r >3) and EE’T,
j=1
m*;m‘ e1 + 5=, in case Ds.
Lemma [5.T] enables us to compute the eigenvalues of the Laplacian A = —div o grad

of X. In fact, the complex eigenspaces E(C) of A decompose into irreducible submodules
which, according to Theorem [A.3] are (up to equivalence) the V,, with w € (I'};)+ and
each V,, occurs in precisely one complex eigenspace Ey(C). This A, which we denote by
Ao is given by FREUDENTHAL’s formula

Av = 47r2<w +2px, w) (5)

(cf. [T, Cor. 2, p. 191]). Since A is a real operator, each real eigenspace Fy(R) is a real
form of E5(C) and {\, : w € (I'%)+} is the set of eigenvalues of A. Combining Lemma
with FREUDENTHAL’s formula and observing that [0,1] — X, ¢ — exp(te;)p, are
shortest closed geodesic arcs of X of common length L = ||e;|| = Hslj\l (Gj=1,...,r) we

get

PROPOSITION 5.2. Letw = ) kjej € (I'y)4. Then
j=1

kj (kj + %= (r —2j + 1)) in case Ay,

S,
o

J=1
L o~ —~ ~ —_—
Aw = ‘lLL; > kj (kj 4+ %t +ma +my(r —j)) in cases By, Cy, D, (r > 3) and BC,,
j=1
4LL22 (k1 (k1 + m*;m’) + ko (k‘g + %)) in case ﬁg.
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Ifw= ) kje; with k1,..., k. € Z, then w € (I'% )4 if and only if k&y > --- >k, in
j=1

case AT_l; ki1 > --- >k, > 0in cases ET, @, EZ*,. and ky > -+« > kp—q > |k, in case
D,.. From this we get the following corollary which for irreducible X is equivalent to a
result of OHNITA [Ol Thm. 7].

COROLLARY 5.3. The embedding of an indecomposable symmetric space X with
rectangular unit lattice given in Theorem is congruent to an embedding in the first
eigenspace of the Laplacian of X, unless X is of type 1@,«_1, r > 2, with m_ > 2 or of
type Do with |my —m_| > 2.

REMARK 5.4. In the exceptional cases the embedding is not congruent to an
embedding in the first eigenspace but rather to an embedding in the k-the eigenspace of
the Laplacian, where k might be arbitrary large if only m_ or |m —m_| are sufficiently
large.

ProoOF. Since the embedding of Theorem ﬂ;fl maps X into V_,, the question
remains whether A, is the first positive eigenvalue of A. If X is not of type /Tr_l of Dy
the answer is apparently ‘yes’. In the following we assume L = 27 for simplicity. If X is
of type A,_1 then

r (5]
A = Zk? + % Z(kj — kpy1—j)(r+1—2j).

j=1 j=1

Therefore A, > A, if k1 — k. > 1. Thus A, is minimal if and only if 1 + %(r -1 <

>‘E§:1 ¢, = r which is equivalent to m_ < 2.

If X is of type ﬁg we may assume m_ < my since replacing €5 by —eo replaces m
by m_. Then Proposition together with ky > |kq| implies A, > k? + k3 + kym_ and
thus A, > 2+m_ = A, _, if k1 > 2 or k; = |ko| = 1. Therefore A\, is minimal if and
only if A\, < ., _., which is equivalent to my —m_ < 2. ]

A. Appendix

A.1. The unit lattice of a compact symmetric space

In this appendix we extend well known relations between unit lattices and roots
systems for symmetric spaces of compact type (see e. g. [L1l Prop. 2.4, p. 68 f. and
Thm. 3.6, p. 77]) to all compact symmetric spaces.

Let X be a symmetric space that covers a compact symmetric space, p € X, and
Fx a maximal flat of X containing p. Let G = G(X), 7 : G/K - X, g=¢t®p, a C p,
I'x Ca, Rx Ca*and RY C a as described in Section Let Z be the center of G. Then

{Hea: exp(H)eZ}={Heca:a(H)cZoralla € Rx}, (6)

since for H € a, exp(H) € Z is equivalent to Ad(exp(H)) = ¢*#) = id and thus to
e )| =id for all @« € Ry, that is e2™*(H) = 1. Let
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1
To:=To(Rx):= spanZiR}/(

1
I :=T1(Rx):= 5{H €a: a(H)eZfor all « € Rx}.

If X is of compact type I'g and I'y are full lattices in a. However, if X is compact, but not

of compact type, then I'y only spans ctol Ca,a0=)

acry Ker(a), and 'y is not discrete

as ag C I'1. Note that in contrast to I'x, I'g and I'; do not change if X is replaced by a
symmetric space that covers X or that is covered by X (as Rx does not change).

THEOREM A.l. Let X be a symmetric space that covers a compact symmetric space.

Then:

(i) 2Rx CT% ={a€a*: a(H) € Z for all H € T'x}.

(i) RY C 2Tx.

(m) I'occTI'x CTy.

(iv) The fundamental group 71 (X) of X is isomorphic to I'x /T.

PROOF. (i) Let H € T'x. From exp(H) € K C G° we get exp(—H) =
o(exp(H)) = exp(H) and thus exp(2H) = e. The statement now follows from
Equation @

The unit lattice I' ¢ of the universal cover X of X is contained in T x - Now X splits
as R™ x X', where X’ is a simply connected symmetric space of compact type. Thus
'y = FX C I'x. Since Rx' = 'R)? = Rx and Fo(fo) =Ix (see [Ll, COI‘OHaI“y,
p. 77]), the claim follows.

This is just a reformulation of (i) and (ii).

The fundamental group 1 (X) is isomorphic to the group A of deck transformations
of the universal covering X 2R x X' > X , where X’ is a compact simply
connected symmetric space. Let p € X be an element in the fibre over p. As
'y =T'xs and I'xs = Ty by [L1l, Corollary, p. 77]. Thus the maximal flat Fg of
X corresponding to a with p € Fg is isomorphic to a/I'g. The universal covering
restricts to a covering of the maximal flats a/T'g = Fg — T'x = a/I'x which has
deck transformation group I'x /Tg. Thus it is sufficient to show that A leaves F' 'S
invariant. As the elements of G(X) push down to isometries of X, G(X) normalizes
A and thus actually centralizes A, as A is discrete and G ()~( ) is connected. Now let
6 € A and g € Fg. Then there exists a maximal flat F)’? of X containing ¢ and §(q)
and 7 € G(X) with 7(¢q) = ¢ and 7(F%) = F. Thus 6(q) = d(7(q)) = 7(d(q)) €
T(F%) = Fx.

O
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A triple (V,T', R) is called a Fuclidean root datum if V' is a Euclidean vector space, I" a
full lattice in V, and R a root system in a subspace of V*, such that I'o(R) C I C T'1(R),
where T'o(R) and I'1(R) are defined above. Two Euclidean root data (V,I',R) and
(V,I",R') are called isomorphic if there exists a linear isometry ¢ : V. — V'’ with
o) =T" and p(R) = R/, where p(a) = aop~! for a € V*. For more details see [HQJ.
With these definitions Theorem implies

COROLLARY A.2. Let X = G/K be a compact symmelric space, g =t ®p, a C p,
Px C a and Rx C a* as above. Then (a,I'x,Rx) is a Euclidean root datum. Its
isomorphism class only depends on X and is called the Euclidean root datum of X. The
the fundamental group of X is isomorphic to T'x /To and encoded in the Euclidean root
datum.

A.2. The Theorem of Cartan—Helgason—Takeuchi

Let X be a compact symmetric space and p a base point in X. In this section we
denote by G the transvection group of X, that is G = G(X). Let K be the stabilizer
of pin G and let g = £ @ p be the corresponding decomposition of the Lie algebra g
of G. Retaining the notation of Section [2| we choose a maximal abelian subspace a in p
and denote by Tx = exp(a).p the corresponding maximal torus of X and by Rx C a*
the corresponding set of roots of X. We choose a Weyl chamber ay of X in a, that is
a connected component of a\ (|J wERx ker(r)). Note that Wx acts transitively on the
set of all Weyl chambers in a. Such a choice of ay gives rise to a partial ordering on
a* = Hom(a, R) by setting

w) < Wy < (wl(H)<w2(H) for a11H€a+), (7)

for wy,wsy € a*.

We extend a to a maximal abelian subalgebra t of g. Then t = a® (tN¢€). One defines
the set of roots of g with respect to t, the Weyl chambers of g in t and the Weyl group
of g with respect to t similar to the corresponding notions for X (see e.g. [H3l, [L1]).
We now choose a Weyl chamber t; of g in t with the property that our previously
fixed ay lies in the closure of t;. As in Equation @, ty induces a partial ordering on
t* = Hom(t,R). Using the bi-invariant metric on g we identify a with a* and t with t*.
Note that this identification of a* with a is Wx-equivariant and that a* becomes the
subset {p € t* : p(tN€) = {0}} of t*, and the partial orderings on a* induced by a; and
by t, coincide. We denote by a’ the image of a; in t* under this identification and by
cl(a?) its closure. We set I'y = {w € a* : w(I'x) C Z} and (I'% )4 = 'y Ncl(ay). If
IF'g={Hect:exp(H) =e} and I';; = {w € t* : w(['g) C Z} and (I';;)4 =T Nel(th)
then (cf. [T3] Lem. 1, p. 143])

(Tx)+ € (TG)+-

Let V be a complex G-module. We endow V' with a G-invariant hermitian inner
product (-, -)c. For an element w € t* we set

V, = {v eV exp(H)v= 2™ )y for all H € t} .
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The elements of Qy := {w € t* : V,, # {0}} are called weights of V and the decomposition
V=P . (8)

is called the weight space decomposition of V. It is orthogonal with respect to (-,)c. We
have Qy C I'i;. Note that the roots of a compact Lie algebra g are the weights of the
adjoint representation of the group of inner automorphisms of g.

A K-spherical G-module is an irreducible complex G-module V such that V¥ :=
{veV :kwv=uvforal k € K} has positive dimension. By a result of CARTAN V¥ has
dimension one [Cal, 1.5 and V.17] (see also [T3, Thm. 5.5, p. 92]). We denote by G set
of all equivalence classes of K-spherical G-modules.

THEOREM A.3 (Cartan-Helgason—Takeuchi, [T3, Thm. 8.2]). The map
()

is a bijection. Here V(w) denotes an irreducible complex G-module with highest weight
w and [V (w)] its equivalence class.

NoOTE A 4. Theoremhas a long history (c. f. BOREL [Bl, Chap. IV, B, §4]).
After previous work by CARTAN [Cal, HELGASON [H2| (see also [H4, Ch. V, §4, 1.])
gave a proof for semi-simple symmetric spaces. The extension to all compact symmetric
spaces is due to TAKEUCHI [T3].

A.3. Submanifolds of Clifford Type and their splittings
Let » > 0 be an integer and py, ..., p, be positive real numbers. A space

C'={2=(21,...,2)€C": |z =p;forallj=1,...,7}

is called a standard Clifford torus. Endowed with the inner product (z,w) =
Re( > ZﬂTj) C" is a Euclidean space.
j=1

A submanifold C of a Euclidean space F is called a Clifford torus if it is the image
of a standard Clifford torus C/ C C” under an affine isometric map ¢ : C" — E. Let
p = ¢(w) € C. Then the unit lattice I' = {v € T,C : Exp,(v) = p}, where Exp,
denotes the Riemannian exponential map of C' at p, has an orthogonal basis by, ..., b,
which is unique up to sign and order (see [EHQ], Lemma 1.1]). Indeed, T" is the direct
sum of the unit lattices of the circles Cx(p) = ¢p({z € C" : |z = px and z; =
w; forall k # j}), k = 1,...,r, which lie in the pairwise orthogonal affine planes
Er(p) ={z € C": z; = w, for all k # j}.

ExAMPLE A.5. Let V be a Euclidean space. We consider V¢ =V ® C as a real
Euclidean space by taking the real part of the hermitian extension of the inner product
on V. Let v, w € V¢ be orthogonal with respect to the hermitian inner product and v # 0.
Then C = {zv + zZw : z € C with |z| = 1} is a planar circle in V°. In fact, for z = ¢+ is
with ¢ = cost, s = sint we have
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20+ Zw = (c+is)v + (¢ —is)w = c(v+ w) + s i(v — w)

which is a circle since v + w and i(v — w) have the same length and are perpendicular
with respect to the (real) Euclidean inner product on V¢.

More generally, if v1,..., v, w1,...,w, € V¢ are pairwise orthogonal with respect
to the hermitian inner product and vy, ...v, are all nonzero, then

C:= Z(zjvj + ijj) T zj € C with |ZJ‘ =1

j=1
is a Clifford torus in V.

As in [EHQ)] we call an embedded submanifold X C E of a Euclidean space E of
Clifford type, if every geodesic of X lies in a totally geodesic submanifold C' of X which
is a Clifford torus in E.

THEOREM A.6 ([EHQ| Corollary 2.8]). Let X C E be a connected submanifold of
a Fuclidean space E. Then X is a compact extrinsically symmetric space if and only if
X is of Clifford type. In this case, X is intrinsically a compact symmetric space with
rectangular unit lattice and all mazimal tori of X are Clifford tori in E.

Intrinsic and extrinsic splittings

Let X be a connected Riemannian manifold. Recall that X splits intrinsically as
X1 x - x X if Xq,..., X are Riemannian manifolds and there exists an isometry
f: Xy x---x X — X. Such an isometry f is called an (explicit) splitting and gives rise
to k pairwise orthogonal foliations whose leaves through p = f(z9,...,2%) are X;(p) :=
f(x?,...,a:g_l,Xj,x?+1,...,xg) for 1 <j<k.

Let Y be another connected Riemannian manifold and ¢ : X — Y an isometric
embedding. We say that the submanifold «(X) C Y splits extrinsically as X7 X -+ x X},
if there exists a commutative diagram

Vix o xYy — Y

TMXMX% TL

Xy XX X —— X
where the first and the last rows are (explicit) intrinsic splittings and the maps ¢; : X; —
Y;, j = 1,...,k, are isometric embeddings. In this case the foliations corresponding
to intrinsic splittings of X and Y satisfy ¢«(X;(p)) C Y;(¢(p)) for all p € X and for all
1<j<k.

LEMMA A.7. Lett: X — Y be an isometric embedding and let f : X1 X+ -x X = X
and F : Yy x --- x Y, = Y be explicit intrinsic splitting that satisfy «(X;(p)) C Y;(u(p))
for all p € X and for all 1 < j < k. Then «(X) splits extrinsically as Xy X -+ x Xp.
More precisely, there exist isometric embeddings v; : X; —Y;, 7 = 1,...,k, such that
Fo(uyx- -+ xXu)=1rof.
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Proor. For simplicity we may assume X = X7 x---x X, Y1 =Y; x--- XY},
f=idx and F =idy. Let L;- = pr; o, where pr; : Y — Y} is the j-th projection. Since
for instance X1(p) C Yi(u(p) for all p = (z1,...,25) € X, we get

L(Xl,ajg,...,l‘k) C (Yl,blz(ail,...,.Z'k)7...,l,;c($1,...,ajk).

Since the left hand side is independent of x; and not contained in any other leaf Y7 (q),
the maps ¢, ..., are independent of x1. Similarly, ¢} is independent of z, for all £ # j.
Thus every L; induces a mapping ¢; : X; — Yj and ¢ = 11 X - -+ X . U

We immediately get

COROLLARY A.8. Let X C E be an embedded submanifold of a Euclidean space E
and f: X1 X X — X an intrinsic splitting of X. If

(i) aff (X;(p)) is perpendicular to aff(X,(p)) and
(i) aff (X;(p)) is parallel to aff(X;(q)

forallp,g € X and 1 < j < £ < k then X splits extrinsically as X7 X --- X X} and
vice-versa. Here aff (M) denotes the affine hull of a subset M C E.

For Clifford tori we get:

LEMMA A.9. If a Clifford torus C' C E splits intrinsically as X7 X -+ x Xy, then
this splitting is also extrinsic and X;(p) are Clifford tori for allj =1,...k and allp € C.

Proor. It suffices to assume k = 2 and C' = X1 x Xs. Let p € C. Then the unit
lattice I' C T,,C of C at p has an orthogonal basis by, ...,b, with |b1] < |ba] < --- < [b,].
Since X;(p)) and X5 (p) are compact totally geodesic submanifolds of C, they are both
tori and we get an orthogonal decomposition of the unit lattice I' of C' at p into I'* & T2,
where T'! is the unit lattice of X;(p)) and I'? the unit lattice of X5(p). Let 5 € {1,...,7}.
From b; = b} 4 b7 with bj € T* and b7 € T'* we get |b;|*> = [b}[> + [b7[*. Thus by € T'*
or by € I'?, since by is a nonzero element of shortest length in T' (see also part (ii) in
the proof of Proposition . By induction we get b; € T* UT? for all j € {1,...,7}.
Hence T'! and T'? are rectangular lattices and the X (p)) resp. Xa(p) are Clifford tori in
orthogonal subspaces E1(p) resp. Ea(p). Since E;(p) is parallel to Ej(g) for all j = 1,2
and p,q € C, C splits extrinsically by Corollary [A-8 O

Lemma generalizes to submanifolds of Clifford type:

ProrosiTION A.10. Let X C FE be a submanifold of Clifford type. If X splits
intrinsically as a Riemannian product X1 X --- X Xy, then this splitting is extrinsic.

PROOF. Since X is a compact symmetric space, the same holds for all factors
X;. It suffices to assume k =2 and X = X; x X. Then for a point p = (p1,p2) € X we
have X;(p) = X1 x {p2} and Xa(p) = {p1} x Xa2. We set Ey(p) = aff ({p1}X:1(p)) and
Ey(p) = aff(X2(p)). Now for any two points in an X there exists a maximal torus of X
containing these two points. Thus we have
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Ei(p) = aff | (T1 x {p2}),

T13p1

where the union is taken over all maximal tori of X; that contain p; and

Es(p) =aff | ({p1} x T),

T23p2

where the union is taken over all maximal tori of X5 that contain ps.

IfT;, j = 1,2, are maximal tori of X; with pj,p; € T then T' = T x T3 is a maximal
torus of X and hence a Clifford torus in E. By Lemma [A9] and Corollary [A78] the affine
hulls of Th x {p2} and {p1 } x T are perpendicular while those of T} x {p2} and T} x {g2}
(resp. {p1} x Tz and {q1} x T») are parallel. Thus F;(p) is perpendicular to E5(p) for
all p and Fy(p) is parallel to E;(q) (resp. Ea(p) is parallel to F»(q)) for all p,q € X. The

assertion now follows from Corollary O
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