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Abstract. Let R be an associative ring with identity, and let T be a tilting right R-

module, with S “ EndpT q. It is known that if R is a Noetherian algebra that satisfies the

Auslander-Reiten conjecture, then so is S. In this paper, we consider the dual situation

where C is a cotilting right R-module, with S “ EndpCq. We investigate the invariance

of the property of satisfying the Auslander-Reiten conjecture when passing from R to S.

1. Introduction

Nakayama’s conjecture [25], a long-standing open problem in the representation theory
of Artin algebras, asserts that an Artin algebra R is self-injective if all terms in its minimal
injective resolution are projective. In their study of this conjecture, Auslander and Reiten
[6] conjectured that for an Artin algebra R, every indecomposable injective left R-module
appears as a direct summand in one of the terms of the minimal injective resolution of R.
This conjecture is now known as the generalized Nakayama conjecture. Auslander and Reiten
[6] further proved that the generalized Nakayama conjecture holds for all Artin algebras if
and only if the following conjecture is true for all Artin algebras. Throughout, the term ring
will mean an associative ring with identity.

Conjecture (ARC): Let R be a ring, and M a finitely generated left R-module. If
ExtiRpM,M ‘Rq “ 0 for all i ą 0, then M is projective.

This conjecture, now known as the Auslander–Reiten conjecture, is a consequence of the
finitistic dimension conjecture. The finitistic dimension conjecture states that, for an Artin
algebra R, the supremum of the projective dimensions of all finitely generated left R-modules
with finite projective dimension is finite. If the finitistic dimension conjecture holds for all
Artin algebras, then (ARC) also holds for all Artin algebras.
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Tilting theory is crucial in the representation theory of Artin algebras. Miyashita [24]
explored the dual concept of cotilting modules over Noetherian rings in 1986. Auslander
and Reiten further investigated cotilting modules over Artin algebras, viewing them as a
non-commutative analogue of dualizing modules over commutative Noetherian rings [7, 8].
For Artin algebras, these definitions coincide.

Wei proved in [29] that (ARC) is preserved under tilting equivalences of Artin algebras.
Specifically, if T is a tilting right module over an Artin algebra R with the endomorphism
ring S “ EndpT q, and if R satisfies (ARC), then so does S. The second author generalized
this result to Noetherian algebras in [18]. Furthermore, Wei showed in [29] that (ARC) is
also preserved under cotilting equivalences of Artin algebras. That is, if C is a cotilting
right module over an Artin algebra R with the endomorphism ring S “ EndpCq, and if R
satisfies (ARC), then S does as well. This raises the natural question of whether a similar
preservation property holds for Noetherian algebras. To address this question, we recall the
following conjecture from [11], which serves as a dual to (ARC):

Conjecture (DARC): Let R be a ring, and M an Artinian left R-module. If
ExtiRpM ‘ I,Mq “ 0 for every injective left R-module I and all i ą 0, then M is injec-
tive.

This conjecture is motivated by the equivalence between (DARC) and (ARC) for Artin
algebras. An Artin algebra R satisfies (ARC) if and only if Rop satisfies (DARC). Further-
more, if a Noetherian algebra R over a commutative Noetherian complete semi-local ring
satisfies (ARC), then Rop satisfies (DARC). As our main result, we prove:

Theorem 1.1. Let R be a right Artinian ring, let C be a cotilting right R-module, and set
S “ EndpCRq.

(1) If S satisfies (ARC), then Rop satisfies (DARC).
(2) The converse holds under the additional assumptions that R is right co-Noetherian

and S is left Artinian.

We prove the above result in Theorem 3.13. Clearly, the above result generalizes Wei’s
aforementioned result; see [29, Main Theorem and Corollary 3.7].

We end the paper by presenting an example showing that there exist rings S satisfying
(ARC) by Theorem 1.1 whenever the ring Rop satisfies (DARC).

2. Preliminaries

Throughout, R is an associative ring with identity. We use the notation MR (respectively,

RM) to denote a right (respectively, left) R-module. The category of all (respectively,
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finitely generated) rightR-modules is denoted by Mod-R (respectively, mod-R), whileR-Mod
(respectively, R-mod) represents the category of all (respectively, finitely generated) left R-
modules.

Let MR be an R-module. We denote by AddpMq (respectively, addpMq) the class of right
R-modules that are isomorphic to a direct summand of a direct sum of copies (respectively,
finitely many copies) of M . Dually, ProdpMq denotes the class of right R-modules that are
isomorphic to a direct summand of a direct product of copies of M .

Let C be a full subcategory of the category of Mod-R, and n a non-negative integer. We
denote by pCn the category of all R-modules MR such that there exists an exact sequence

0 Ñ Cn Ñ ¨ ¨ ¨ Ñ C1 Ñ C0 ÑM Ñ 0

with each Ci P C . Dually, we then denote by qCn the category of all R-modules MR such
that there exists an exact sequence

0 ÑM Ñ C0 Ñ C1 Ñ ¨ ¨ ¨ Ñ Cn Ñ 0

with each Ci P C .
For an R-module TR, denote by gen˚pTRq the class consisting of the R-modules NR for

which there exists an exact sequence of the form

¨ ¨ ¨
f2
ÝÑ T1

f1
ÝÑ T0

f0
ÝÑ N ÝÑ 0

with each Ti P addpT q and Ext1
RpT,Kerfiq “ 0 for all i ě 0. Dually, cogen˚pTRq denotes the

class of all R-modules NR for which there exists an exact sequence of the form

0 ÝÑ N
f´1

ÝÑ T 0 f0

ÝÑ T 1 f1

ÝÑ ¨ ¨ ¨

with each T i P addpT q and Ext1
RpCokerf i, T q “ 0 for all i ě ´1.

For an R-module MR, the symbol MK denotes the subcategory of R-modules NR such
that ExtiRpM,Nq “ 0 for all i ě 1. Dually, KM denotes the subcategory of R-modules NR

such that ExtiRpN,Mq “ 0 for all i ě 1.
For an R-module MR and a positive integer n, the symbol Ωn

RM denotes the n-th syzygy
of M , with the convention that Ω0

RM “ M . We also recall the definition of cosyzygies.
Given an R-module MR, and an injective resolution

0 ÑM Ñ E0 Ñ E1 Ñ ¨ ¨ ¨ Ñ Ei´1 Ñ Ei Ñ ¨ ¨ ¨

for M , the n-th cosyzygy of M is defined as fnpMq “ ImpEn´1 Ñ Enq for every n ě 1.
Additionally, we set f0pMq “M .

The following lemma will be useful in our investigation. Its proof is an immediate conse-
quence of the dimension-shift property of Ext modules and is therefore omitted.
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Lemma 2.1. Let MR, NR and XR be R-modules, and n P N.

(i) If 0 ÑM Ñ K0 Ñ K1 Ñ ¨ ¨ ¨ Ñ Kn´1 Ñ X Ñ 0 is an exact sequence with each Kj

in NK, then Exti`n
R pN,Mq – ExtiRpN,Xq for all i ě 1.

(ii) If 0 Ñ X Ñ L0 Ñ L1 Ñ ¨ ¨ ¨ Ñ Ln´1 Ñ M Ñ 0 is an exact sequence with each Lj

in KN , then Exti`n
R pM,Nq – ExtiRpX,Nq for all i ě 1.

Recall that an R-module MR is called self-orthogonal if ExtiRpM,Mq “ 0 for all i ě 1.
We next recall the definitions of tilting and Wakamatsu tilting modules.

Definition 2.2. Let n P N0. A finitely generated self-orthogonal R-module TR is called
n-tilting if

(i) pdpTRq ď n, and
(ii) R P ­addpT qn.

Definition 2.3. A self-orthogonal R-module TR is called Wakamatsu tilting if

(i) TR P gen˚pRq, and
(ii) R P cogen˚pTRq.

The definitions of tilting left modules and Wakamatsu tilting left modules are similar. It
is straightforward to verify that every tilting module is also a Wakamatsu tilting module.
According to [28, Corollary 3.2], Wakamatsu tilting modules can be characterized as follows:

Lemma 2.4. For a bimodule STR, the following are equivalent:

(i) TR is a Wakamatsu tilting module with S – EndpTRq
op;

(ii) ST is a Wakamatsu tilting module with R – EndpST q
op;

(iii) One has
(1) TR P gen˚pRq and ST P gen˚pSq.
(2) S – EndpTRq

op and R – EndpST q
op.

(3) The modules TR and ST are self-orthogonal.

There are several definitions of cotilting modules. In this paper, we adopt the definition
provided by Miyashita in 1986; see [24, page 142]. This notion of cotilting modules is also
discussed in [15, 22, 23].

Definition 2.5. Let CR be a finitely generated R-module and S “ EndpCRq. Assume that
the rings R and S are right Noetherian and left Noetherian; respectively. We say CR is
cotilting if it is a Wakamatsu tilting R-module and both idpCRq and idpSCq are finite.

Left cotilting modules are defined analogously. Below, we present some typical examples
of cotilting modules.
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Example 2.6. (i) For an Artin algebra R and a tilting left R-module T , the dual of T
is a cotilting right R-module.

(ii) Let R be an Iwanaga–Gorenstein ring. Then R, regarded as either a right or a left
R-module, is cotilting.

(iii) Let Γ be a Cohen-Macaulay local ring with a dualizing module ω, and R be a Γ-order
(i.e. R is a Γ-algebra and is maximal Cohen-Macaulay as a Γ-module). Then, by
[23, Proposition 2.12], HomΓpR,ωq is a cotilting right R-module.

(iv) Let CR be a cotilting R-module, and let S “ EndpCRq. Then, the rings rR “
˜

R R

0 R

¸

and rS “

˜

S S

0 S

¸

are right Noetherian and left Noetherian; respectively.

Set rC “ p0 Ñ Cq ‘ pC Ñ Cq. By applying the arguments from Lemmas 3.4 and 3.7
in [31] and using Lemma 2.4, we can conclude that rC

rR is a cotilting rR-module and
rS – Endp rC

rRq
op.

3. Main Result

To prove Theorem 1.1, we require eight lemmas. We begin with the following result, which
is essential for its proof.

Lemma 3.1. Let CR be a cotilting R-module with S “ EndpCRq. Then there exists a duality
of categories:

KpCRqXmod–R
HomRp´,Cq

// KpSCqX S–mod.
HomSp´,Cq

oo

Furthermore, for any X,Y P KpCRqXmod–R and every i ě 0, we have

ExtiRpX,Y q – ExtiSpHomRpY,Cq,HomRpX,Cqq.

Proof. It follows by [28, Theorem 4.2 and Propositions 5.6 and 4.5]. �

Definition 3.2. An R-module CR is called product-complete if ProdpCq Ď AddpCq.

As mentioned in [19, Remark 3.5], an R-module CR is product-complete if and only if
ProdpCq “ AddpCq. For an R-module CR where the ring S “ EndpCRq is left Noetherian,
by [17, Corollary 4.4], C is product-complete if and only if SC has finite length.

Lemma 3.3. Let CR be a self-orthogonal R-module and n P N0.

(i) ­addpCqnX CK “ addpCq “ {addpCqnX
KC.

(ii) Moreover, if CR is product-complete, then

­AddpCqnX CK “ AddpCq “ {AddpCqnX
KC.
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Proof. (i) As the proofs of these equalities are similar, we only prove the equality on the left
side. Clearly,

addpCq Ď ­addpCqnX CK.

Assume that N P ­addpCqnX CK. We will show that N P addpCq by induction on n. The
claim is obvious for n “ 0. If n “ 1, then we have an exact sequence

0 Ñ N Ñ C0 Ñ C1 Ñ 0,

where C0 and C1 are in addpCq. Since N P CK and C1 P addpCq, this short exact sequence
splits, and so N P addpCq.

Now, assume that n ą 1 and the conclusion holds for n´ 1. We have an exact sequence

0 Ñ N
f´1

ÝÑ C0 f0

ÝÑ C1 Ñ ¨ ¨ ¨
fn´1

ÝÑ Cn Ñ 0,

with Ci P addpCq for all i “ 0, 1, . . . , n. Put L “ Impf0q. Since N P CK, it follows that
L P CK. So, L P ­addpCqn´1 X CK. Hence, by the induction hypothesis, L P addpCq.
Consequently, N P addpCq by the case n “ 1.

(ii) Since CR is product-complete, we have ProdpCq “ AddpCq. Using this fact together
with the self-orthogonality of CR, it follows readily that ExtiRpX,Y q “ 0 for all X and Y in
AddpCq and every i ě 1. We now proceed exactly as in part (i). �

Lemma 3.4. Let CR be a cotilting R-module, MR a finitely generated R-module and n P N0.
If M P KC and idpMRq ď n, then M P ­addpCqn.

Proof. By [28, Propositions 5.6], there exists an exact sequence

0 ÝÑM
f´1

ÝÑ C0 f0

ÝÑ C1 f1

ÝÑ C2 ÝÑ ¨ ¨ ¨

where Ci P addpCq and Impf iq P KC for all i ě 0. For simplicity, we put K0 “ M and
Ki`1 “ Impf iq for each i ě 0. It is fairly easy to verify that Ci P pKn`1q

K for every
i “ 0, . . . , n´ 1. So, by Lemma 2.1(i), we have the following isomorphism

Ext1
RpKn`1,Knq – Extn`1

R pKn`1,Mq “ 0.

Hence, the short exact sequence

0 Ñ Kn Ñ Cn Ñ Kn`1 Ñ 0

splits, and so Kn P addpCq. Consequently, M P ­addpCqn. �

Lemma 3.5. Let CR be a cotilting R-module with idpCRq “ n. Then every injective right
R-module belongs to {AddpCqn.
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Proof. Let S “ EndpCRq, and let IR be an injective R-module. By [13, Theorem 2.7], we
have n “ idpSCq. In view of [10, Theorem 3.2.13], it is straightforward to see that

fdpHomRpC, IqSq ď idpSCq “ n.

Thus, we have an exact sequence

(3.1) 0 Ñ Fn`1 Ñ SpJnq Ñ SpJn´1q Ñ SpJn´2q Ñ ¨ ¨ ¨ Ñ SpJ0q Ñ HomRpC, Iq Ñ 0,

where Fn`1 is a flat right S-module. As the R-module IR is injective, by the Hom-evaluation
isomorphism, one has

TorSiě1pHomRpC, Iq, Cq – HomRpExtiě1
S pC,Cq, Iq “ 0

and

HomRpC, Iq bS C – I.

So, applying the functor ´bS C to (3.1) yields the following exact sequence

0 ÝÑ Fn`1 bS C ÝÑ CpJnq dn
ÝÑ CpJn´1q

dn´1
ÝÑ CpJn´2q ÝÑ ¨ ¨ ¨ ÝÑ CpJ0q d0

ÝÑ I ÝÑ 0.

Set K0 “ I and Kj`1 “ Ker dj for every j “ 0, ..., n. By [10, Theorem 3.2.15], we conclude
that

(3.2) ExtiRpC
pJq,Kn`1q – ExtiRpC,Kn`1q

J – pFn`1 bS ExtiRpC,Cqq
J “ 0,

for every set J and all i ě 1.
By [10, Theorem 3.2.15], we have

(3.3) idppKn`1qRq “ idppFn`1 bS CqRq ď idpCRq “ n.

Hence, by applying Lemma 2.1(ii) to the exact sequence

0 ÝÑ Kn ÝÑ CpJn´1q
dn´1
ÝÑ CpJn´2q ÝÑ ¨ ¨ ¨ ÝÑ CpJ0q d0

ÝÑ I ÝÑ 0

and using (3.3), we obtain that

Ext1
RpKn,Kn`1q – Extn`1

R pI,Kn`1q “ 0.

Thus, the short exact sequence

0 Ñ Kn`1 Ñ CpJnq Ñ Kn Ñ 0

splits, and so Kn P AddpCq. �

Lemma 3.6. Let CR be a finitely presented self-orthogonal R-module. Then, for any non-
negative integer n, the classe {AddpCqn is closed under extensions.
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Proof. Assume that 0 Ñ X Ñ Y Ñ Z Ñ 0 is an exact sequence with X and Z in {AddpCqn.
We claim by induction on n that Y in {AddpCqn. Let n “ 0. Since CR is a finitely pre-
sented self-orthogonal module and also X and Z are in {AddpCq0 “ AddpCq, it follows that
Ext1

RpZ,Xq “ 0. Hence, Y – X ‘ Z, and so Y P {AddpCq0.
Next, let n ą 0 and assume that the claim holds for n´1. Since X and Z are in {AddpCqn,

we have exact sequences

0 Ñ K Ñ C0 Ñ X Ñ 0

and

0 Ñ LÑ C 10 Ñ Z Ñ 0

with C0 and C 10 in AddpCq and K and L in {AddpCqn´1. Consider the following pull-back
diagram:

0

��

0

��
L

��

idL // L

��
0 // X //

idX��

U

��

// C 10

��

// 0

0 // X // Y //

��

Z //

��

0.

0 0

Since X P {AddpCqn, and C is finitely presented, we can see that X P CK. As C 10 P AddpCq,
we have Ext1

RpC
1
0, Xq “ 0. So, U – X ‘C 10. We then have the following pull-back diagram:

0

��

0

��
K

��

idK // K

��
0 // V //

��

C0 ‘ C 10

��

// Y

idY��

// 0

0 // L //

��

X ‘ C 10 //

��

Y // 0.

0 0

Since K and L are in {AddpCqn´1, by the induction hypothesis, we get V P {AddpCqn´1, and
so Y P {AddpCqn. �
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The subsequent result bears analogy to [30, Lemma 2.2], and the proof follows a similar
approach.

Lemma 3.7. Let CR be a finitely presented self-orthogonal R-module, and m,n P N. Let
MR be an R-module such that there is an exact sequence

0 ÑM Ñ N1 Ñ ¨ ¨ ¨ Ñ Nm Ñ Z Ñ 0

for some R-module ZR and Ni P
{AddpCqn. Then there is an exact sequence

0 Ñ U Ñ V ÑM Ñ 0

for some U P {AddpCqn´1, and some R-module VR such that there is an exact sequence

0 Ñ V Ñ C1 Ñ ¨ ¨ ¨ Ñ Cm Ñ Z Ñ 0

with each Ci P AddpCq.

Proof. We prove the statement by induction on m. In case m “ 1, we have an exact
sequence 0 Ñ M Ñ N1 Ñ Z Ñ 0 with N1 P

{AddpCqn. Since N1 P
{AddpCqn, there is an

exact sequence 0 Ñ U Ñ C1 Ñ N1 Ñ 0 with C1 P AddpCq and U P {AddpCqn´1. Then, we
can construct the following pull-back diagram:

0

��

0

��
U

��

idU // U

��
0 // V //

��

C1

��

// Z

idZ��

// 0

0 // M //

��

N1
//

��

Z // 0.

0 0

Clearly, the left column is just the desired exact sequence.
Next, assume that m ą 1 and the conclusion holds for m ´ 1. Let M 1 denote the right

R-module CokerpM Ñ N1q. Then, by the induction assumption, there is an exact sequence
0 Ñ U 1 Ñ V 1 ÑM 1 Ñ 0 for some U 1 P {AddpCqn´1 and some V 1 such that there is an exact
sequence

0 Ñ V 1 Ñ C 11 Ñ ¨ ¨ ¨ Ñ C 1m´1 Ñ Z Ñ 0
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with each C 1i P AddpCq. Now, we can construct the following pull-back diagram:

0

��

0

��
M

��

idM // M

��
0 // U 1 //

idU1��

Y

��

// N1

��

// 0

0 // U 1 // V 1 //

��

M 1 //

��

0.

0 0

Since N1 and U 1 are in {AddpCqn, Lemma 3.6 yields that Y P {AddpCqn. So, there is an exact
sequence 0 Ñ U Ñ X Ñ Y Ñ 0 with X P AddpCq and U P {AddpCqn´1. We then have the
following pull-back diagram:

0

��

0

��
0 // U //

idU��

V

��

// M

��

// 0

0 // U // X

��

// Y

��

// 0

V 1
idV 1 //

��

V 1

��
0 0

It is easy to see that the top row is just the desired sequence. �

Corollary 3.8. Let n P N and CR be a cotilting R-module with idpCRq “ n. For any R-
module MR, there exists an exact sequence 0 Ñ U Ñ V ÑM Ñ 0 such that U P {AddpCqn´1

and V fits into an exact sequence

0 Ñ V Ñ C0 Ñ C1 Ñ ¨ ¨ ¨ Ñ Cn´1 Ñ fnpMq Ñ 0,

where each Ci P AddpCq.

Proof. We consider an exact sequence

0 ÑM Ñ E0 Ñ ¨ ¨ ¨ Ñ En´1 Ñ fnpMq Ñ 0

in which each Ei is an injective right R-module. Lemma 3.5 yields that Ei P {AddpCqn. Now,
the conclusion follows by Lemma 3.7. �
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Lemma 3.9. Let CR be a cotilting R-module with idpCRq “ n, and MR an R-module. If
MR P C

K, then fnpMq P I
K for every injective R-module IR.

Proof. Let IR be an injective R-module. By Lemma 2.1(i), we have

ExtiRpI,fnpMqq – Exti`n
R pI,Mq

for all i ě 1. By Lemma 3.5, we can consider an exact sequence

0 Ñ Cn Ñ ¨ ¨ ¨ Ñ C1 Ñ C0 Ñ I Ñ 0

with Ci P AddpCq. It is easy to see that AddpCq Ď KM . So, by Lemma 2.1(ii), we obtain

Exti`n
R pI,Mq – ExtiRpCn,Mq “ 0

for all i ě 1. Hence, ExtiRpI,fnpMqq “ 0 for all i ě 1. �

Lemma 3.10. Let CR be a cotilting R-module with idpCRq “ n, and let S “ EndpCRq.
Assume that SC is Artinian. Then, for any self-orthogonal R-module MR in CKX KC, the
right R-module fnpMq is also self-orthogonal.

Proof. Since f0pMq “M , we may and do assume that n ě 1. By Lemma 2.1(i), we have

(3.4) ExtiRpfnpMq,fnpMqq – Exti`n
R pfnpMq,Mq

for all i ě 1.
According to Corollary 3.8(a), there exists an exact sequence 0 Ñ U Ñ V Ñ M Ñ 0 p:q

such that U P {AddpCqn´1 and V satisfies an exact sequence

0 Ñ V Ñ C0 Ñ C1 Ñ ¨ ¨ ¨ Ñ Cn´1 Ñ fnpMq Ñ 0 p;q

with Ci P AddpCq. Given that MR P C
K, it follows that AddpCq Ď KM . Applying Lemma

2.1(ii) to the exact sequence p;q give us

(3.5) Exti`n
R pfnpMq,Mq – ExtiRpV,Mq

for all i ě 1.
Since M is self-orthogonal, applying the functor HomRp´,Mq to p:q leads to the following

isomorphism

(3.6) ExtiRpV,Mq – ExtiRpU,Mq

for all i ě 1.
Because CR is self-orthogonal, it follows that AddpCq Ď KC. Hence, applying Lemma

2.1(ii) to the exact sequence p;q, and noting that idpCRq “ n, we deduce that

ExtiRpV,Cq – Exti`n
R pfnpMq, Cq “ 0
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for all i ě 1. Thus, V P KC. Since M P KC, the exact sequence p:q yields that U P KC.
On the other hand, U P {AddpCqn´1. Since SC is Artinian, by [17, Corollary 4.4], the R-
module CR is product-complete. Hence, by Lemma 3.3(ii), U P AddpCq. Consequently,
ExtiRpU,Mq “ 0 for all i ě 1. Therefore, by (3.4), (3.5) and (3.6), we conclude that
ExtiRpfnpMq,fnpMqq “ 0 for all i ě 1. �

We recall the following definition from [16]. See also [27].

Definition 3.11. A ring R is said to be right co-Noetherian if the injective hull of every
simple right R-module is Artinian.

There is a rich source of right co-Noetherian rings as illustrated by the following example:

Example 3.12. (i) Matlis [20] proved that the injective hull of every simple module
over a commutative Noetherian ring is Artinian, thus every commutative Noetherian
ring is right co-Noetherian.

(ii) By [12, Corollary 2.3], any Noetherian algebra over a commutative Noetherian ring
is a right co-Noetherian ring. In particular, the group ring ZrGs of a finite group G

is right co-Noetherian.
(iii) A ring R is called right V-ring if every simple right R-module is injective. Clearly,

every right V-ring is right co-Noetherian.
(iv) Kaplansky’s well-known criterion for commutative von Neumann regular rings im-

plies that a commutative ring is a V-ring if and only if it is von Neumann regular.
Consequently, any infinite product of fields is a commutative right co-Noetherian
ring that is not Noetherian.

(v) By [21, Theorem 2.5], the property of being a right V-ring is Morita invariant.
Hence, any matrix ring over a right V-ring is again a right V-ring, yielding numerous
examples of non-commutative right co-Noetherian rings.

(vi) A right Noetherian ring is not necessarily right co-Noetherian. Indeed, there exists
a left and right Artinian ring that is not right co-Noetherian; see [1, Exercise 24.9,
p. 286].

Theorem 3.13. Let R be a right Artinian ring, let CR be a cotilting R-module, and set
S “ EndpCRq.

(1) If S satisfies (ARC), then Rop satisfies (DARC).
(2) The converse holds under the additional assumptions that R is right co-Noetherian

and S is left Artinian.
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Proof. (1) Assume that S satisfies (ARC). We prove that Rop satisfies (DARC). Let MR be
an Artinian R-module such that ExtiRpM ‘ I,Mq “ 0 for every injective R-module IR and
all i ą 0. We show that MR is injective.

Because R is right Artinian and MR is Artinian, [10, Corollary 2.3.24] implies that MR

is finitely generated.
Let idpSCq “ n. By [13, Theorem 2.7], we have n “ idpCRq. By [14, Theorem 1.2], there

exists an exact sequence

(3.7) 0 Ñ U Ñ V ÑM Ñ 0

with V P KC
Ş

mod-R and U P {addpCqn´1.
Since idpCRq ă 8 and U P {addpCqn´1, we have idpURq ă 8. From M P IK for all

injective IR, it follows that M P XK for every R-module XR of finite injective dimension.
Hence, M P CK

Ş

mod-R and M P UK
Ş

mod-R. Since U P {addpCqn´1, we also have
U P CK

Ş

mod-R, so V P CK
Ş

mod-R by (3.7).
Applying Homp´,Mq to (3.7) yields

¨ ¨ ¨ Ñ ExtiRpM,Mq Ñ ExtiRpV,Mq Ñ ExtiRpU,Mq Ñ ¨ ¨ ¨ .

As MR is self-orthogonal, we get ExtiRpV,Mq “ 0 for all i ą 0. Since V P KC
Ş

mod-R and
U P {addpCqn´1, we also have ExtiRpV,Uq “ 0 for all i ą 0. Applying HomRpV,´q to (3.7)
gives ExtiRpV, V q “ 0 for all i ą 0, hence V P pV ‘ CqK

Ş

KC
Ş

mod-R.
Set N “ HomRpV,Cq. Lemma 3.1 gives

ExtiSpN,N ‘ Sq “ ExtiSpHomRpV,Cq,HomRpV,Cq ‘HomRpC,Cqq

– ExtiRpV ‘ C, V q

“ 0

for all i ą 0. By assumption, N is finitely generated projective over S, and applying Lemma
3.1 again gives V P addpCq. Then, from (3.7), we have M P {addpCqn, so idpMRq ă 8.
Consider an exact sequence 0 Ñ M Ñ I Ñ X Ñ 0 of right R-modules with I injective and
idpXRq ă 8. Since Ext1

RpX,Mq “ 0, applying the functor HomRpX,´q to this sequence
shows that it splits, and consequently MR is injective. Therefore, Rop satisfies (DARC).

(2) Assume that Rop satisfies (DARC). We aim to show that S satisfies (ARC). To this
end, let N P S–mod be such that Extiě1

S pN,N ‘ Sq “ 0. As the ring S is left Noetherian
and SN is finitely generated, we may choose syzygies of SN to be finitely generated. By
Lemma 2.1, for each i ě 1, we have

ExtiSpΩ
n
SN,Ωn

SNq – Exti`n
S pN,Ωn

SNq

– ExtiSpN,Nq

“ 0,
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and
ExtiSpΩ

n
SN,Sq – Exti`n

S pN,Sq “ 0.

Hence, Extiě1
S pΩn

SN,Ωn
SN ‘ Sq “ 0. On the other hand, we know that idpSCq “ n, which

implies Ωn
SN P KpSCqXS–mod. Thus, by Lemma 3.1, we can express Ωn

SN – HomRpM,Cq

for some M P KpCRq Xmod–R. Since HomRpC,Cq “ S and M ‘ C P KpCRq Xmod–R,
by Lemma 3.1, we have the following isomorphisms for every i ě 1:

(3.8)
ExtiRpM ‘ C,Mq – ExtiSpHomRpM,Cq,HomRpM,Cq ‘HomRpC,Cqq

– ExtiSpΩ
n
SN,Ωn

SN ‘ Sq

“ 0.

In particular, we see that MR is self-orthogonal and M P CKXK C. From Lemmas 3.9 and
3.10, we obtain that

(3.9) ExtiRpfnpMq ‘ I,fnpMqq “ 0

for every injective R-module IR and for all i ě 1.
As the ring R is right Artinian, the finitely generated R-module MR is Artinian. Since

the R-module MR is Artinian and R is right co-Noetherian, by applying [26, Theorem 3.21],
we can choose fnpMq to be an Artinian right R-module. As Rop satisfies (DARC), by (3.9),
we induce that fnpMq is injective, leading to idpMRq ď n. So, we obtain from Lemma
3.4 that M P ­addpCqn. As M P pCRq

K, Lemma 3.3(i) implies that M P addpCq. So,
Ωn

SN – HomRpM,Cq is a projective left S-module. Consequently, pdpSNq ă 8. Since
N P KS too, it is easy to see that SN is a projective S-module. Therefore, S satisfies
(ARC). �

Remark 3.14. It is well known that (ARC) holds for complete intersection local rings.
Moreover, by [2, Theorem 3] and [9, Theorem 4.5(1)], the conjecture holds for all Gorenstein
local rings if and only if it holds for every Artinian Gorenstein local ring. Consequently,
among commutative Noetherian rings, Artinian Gorenstein local rings constitute a natural
and fundamental class for studying (ARC). Since an Artin algebra R satisfies (ARC) if and
only if the ring Rop satisfies (DARC), it follows that, over an Artinian Gorenstein local ring,
(ARC) and (DARC) are equivalent.

Although Theorem 3.13 does not provide new instances in which (ARC) is confirmed, it
shows that, under certain circumstances, the conjecture is equivalent to (DARC).

We next give an example that provides a broad class of rings satisfying (ARC) by Theorem
3.13. To present it, we first recall the definition of quivers and then state a lemma.

Recall that a quiver Q is a directed graph pV,Eq, where V and E are respectively the sets
of vertices and arrows of Q, endowed with a pair of functions s and t which assign to any
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arrow a of Q its source and target vertices. If R is a ring and Q is a quiver, a representation
X of Q by R-modules and R-homomorphisms is obtained by associating to each vertex v

an R-module Xv and to each arrow a : v Ñ w an R-homomorphism Xa : Xv Ñ Xw. If
X and Y are two representations of Q, then a morphism f : X Ñ Y is determined by a
family tfv : Xv Ñ YvuvPV of R-homomorphisms such that for any arrow a : v Ñ w, the
commutativity condition Yafv “ fwXa holds. For a given quiver Q, the representations of
Q and the morphisms between them form a category, which is denoted by ReppQ, Rq.

Let Q be a quiver. Let RQ be the free R-module with basis the set of all paths in Q,
endowed with the following multiplication: if p and p

1

are paths, let pp
1

be the concatenation
of p and p

1

provided the tail of p is the head of p
1

, and the zero vector otherwise, and extend
this multiplication bilinearly to RQ. It is known that ifQ is finite, that is, if V and E are both
finite, then the category ReppQ, Rq is equivalent to the category Mod-RQ. Note that this
equivalence restricts to an equivalence of categories reppQ, Rq and mod-RQ. Here, reppQ, Rq

denotes the subcategory of ReppQ, Rq consisting of all finitely generated representations. The
proof of this assertion is similar to the case where R is a field; see [4, Chapter III, Theorem
1.6].

Lemma 3.15. Let Q : 1 Ñ 2 be a quiver. Then:

(i) If R is a right Artinian ring, then RQ is also a right Artinian ring.
(ii) If R is right co-Noetherian, then RQ is also a right co-Noetherian ring.

(iii) RQ –

˜

R R

0 R

¸

.

(iv) pRQqop – RopQop.

Proof. (i) Since R is a right Artinian ring and RQ is a finitely generated free R-module, it
follows immediately that the ring RQ is also right Artinian.

(ii) Let M be an arbitrary simple RQ-module. We need to show that the injective hull of
M is Artinian. The representation ofM in ReppQ, Rq is either r1 “ pS Ñ 0q or r2 “ p0 Ñ Sq,
where S is a simple R-module. On the other hand, by [3, Theorem 3.1], the injective hulls of
r1 and r2 are given by Epr1q “ pEpSq Ñ 0q and Epr2q “ pEpSq Ñ EpSqq, respectively. Since
R is a right co-Noetherian ring, EpSq is an Artinian R-module. Consequently, the injective
hull of M is an Artinian RQ-module. Therefore, the ring RQ is right co-Noetherian.

The proofs of assertions (iii) and (iv) are analogous to the case where R is a field; see [4,
Lemma II.1.12] and [4, Exercise II.4.1], respectively. �

Example 3.16. Let Γ be a right co-Noetherian ring, and let EΓ be a cotilting module.
Set Λ “ EndpEΓq, and assume that Γ is right Artinian and that Λ is left Artinian. Put
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R “

˜

Γ Γ

0 Γ

¸

and S “

˜

Λ Λ

0 Λ

¸

. Set C “ p0 Ñ Eq ‘ pE Ñ Eq. By Example 2.6(iv), CR is

a cotilting R-module and S – EndpCRq
op. By Lemma 3.15, the ring R is right Artinian and

right co-Noetherian. Moreover, the ring S is left Artinian. If Rop satisfies (DARC), then it
follows from Theorem 3.13 that S satisfies (ARC) conjecture.
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