WHERE DO ISOMORPHISMS OF GROUP ALGEBRAS
FAIL TO LIFT?
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ABSTRACT. Counterexamples to the Modular Isomorphism Problem were dis-
covered recently. These are non-isomorphic finite 2-groups G and H that
have isomorphic group algebras over the binary field Z/2Z and non-isomorphic
group algebras over the 2-adic integers Za. We show that the groups G and H
already have non-isomorphic group algebras over the ring Z/4Z.

1. INTRODUCTION

The Integral Isomorphism Problem asks whether non-isomorphic finite groups
must have non-isomorphic group algebras over the integers Z. This problem was
proposed by Higman [7], who proved that it has a positive solution for finite abelian
groups. For a prime p, Roggenkamp—Scott [17] and Weiss [21] proved that non-
isomorphic finite p-groups have non-isomorphic group algebras even over the p-adic
integers Z,. This result is sharp, because Hertweck [6] discovered counterexam-
ples among finite solvable groups whose orders are divisible by exactly two dis-
tinct primes. In positive characteristic p, the Modular Isomorphism Problem asks
whether non-isomorphic finite p-groups must have non-isomorphic group algebras
over the prime field Z/pZ. For a survey, see [12]. Deskins [4] proved that this
problem has a positive solution for finite abelian p-groups. Recently Garcia-Lucas—
Margolis—del Rio [5] discovered counterexamples to the problem, later generalized
in [1, 13].

These are non-isomorphic finite 2-groups G and H that have isomorphic group
algebras over the binary field Z/2Z. By contrast, the groups G and H have non-
isomorphic group algebras over the 2-adic integers Z,. Indeed, a Maranda-type
theorem [19, (II1.5.10)] shows that the same is true over the ring Z/2*Z for suffi-
ciently large k. Sehgal [19, (II1.5.11)] asked whether every isomorphism between
modular group algebras lifts to an isomorphism between p-adic group algebras for
finite p-groups (see also [11, Question 4.9] for Morita equivalences of blocks). The
recent counterexamples answer this question in the negative. Hence there must be
a minimal £ > 2 such that the groups G and H have non-isomorphic group algebras
over the ring Z/2*7Z, as the following diagram summarizes.

Z)20.G 4— -+ «— LJ2F TG «— Z)2*TLG «— T)2* LG «— -+ Ty G
2 2 A A A
Z)2ZH 4 - 4 ZJ2"\ZH « Z/2*Z.H «— Z/2*"\ZH « -~  Z,H

In this paper, we prove that the groups G and H already have non-isomorphic
group algebras over the ring Z/4Z. More generally, we prove the following.
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Theorem A. Let R be a commutative ring with an ideal t. Supposen > m > £ > 2
and let

G =(myz2|2 =1,¢"" =1, 2% =1, [y,2] =2 [z,2] = 272 [z,9) = 27 2),

H = (a,b,c| a? =1, 0" =d*", 2 = 1, [b,a] = ¢, [c,a] =2, [c,b] = c2).

If R has a mazimal ideal m such that m?> C v C m and R/t has characteristic 4,
then RG % RH. On the other hand, if R has characteristic 2, then RG = RH.

The non-isomorphic groups G and H of order 27"+ in the theorem are es-
sentially! the only known counterexamples to the Modular Isomorphism Problem.
Since our ground ring is no longer a field, we lay the groundwork for our analysis in
Section 2. The theorem is proved in Section 3. Our proof is based on a group base
approximation used in [13]. In Section 4 we study the rational and complex cases,
which are not covered in Theorem A, and show that the situation is more delicate
when 2 is a unit in the ground ring.

2. PRELIMINARIES

We use standard group-theoretical notation. For a group G, we write its center
as Z(@), its derived subgroup as G’ and its Frattini subgroup as ®(G). The n-th
term of the lower central series is denoted by v, (G). For g, h € G, their commutator
is defined as [g, h] = g~ *h~1gh and conjugation is defined as g" = h='gh. We write
|g| for the order and g for the conjugacy class of g in G. For a subgroup K < G,
its centralizer and normalizer in G are denoted by Cq(K) and Ng(K), respectively.
Let p be a prime and suppose that G is a finite p-group. For a normal subgroup
N < @G, we define

QG:N)=(geG|gPeN).

For a non-negative integer k, we define Q,(G) = (g € G | gpk = 1) and Gr' =
( gt | g € G). A cyclic group of order n is denoted by C,,.

For a commutative ring S and a finite group G, we write the center of the
group algebra SG as Z(SG). For A, B € SG, their Lie commutator is defined as
[A,B] = AB — BA. The augmentation ideal A(SG) of SG is defined to be the
kernel of the map

esg: SG =+ 9, Zagg»—> Zozg,
geG geG
called the augmentation map.
For an ideal n of S, we set FF = .S/n and

A(SG :n)={2 € SG |esg(z) eEn} =nd A(SG).

Let m: S — F be the natural projection and extend it to 7: SG — FG in the
natural manner. Note that Ker 7 = n & nA(SG).

In the rest of this section, we will prove some preparatory lemmas which will
then serve to study the concrete groups in the next section. We start with a lemma,
which is well known, but seems not to be contained in this short and general form
in the literature.

Lemma 2.1. Let R and S be commutative rings and G and H finite groups. Sup-
pose that there is a ring homomorphism R — S. If RG = RH, then SG = SH.

1Taking the same power of these groups and taking the direct product with a common finite
2-group P also yields counterexamples for a trivial reason. So the only known counterexamples
are of the form G x --- xGx Pand H x --- x Hx P.



WHERE DO ISOMORPHISMS OF GROUP ALGEBRAS FAIL TO LIFT? 3

Proof. Let p: R — S be a ring homomorphism and ¢: RG — RH an R-algebra
isomorphism. For g,h € G, take oy € R that satisfy o(g) = > ).y agnh and
define v: SG — SH by 1(g) = > e P(agn)h. It is straightforward to check that
1 is indeed an S-algebra isomorphism whose inverse is defined similarly. O

Lemma 2.2. Let S be a commutative ring with an ideal n and G a finite group.
Write F = S/n, 7: S — F and 7: SG — FG as before. Then

A(SG) N7 HA(FG)?) = nA(SG) + A(SG)2.

Proof. 1t is easy to see that the right-hand side is contained in the left-hand side. To
see the converse, take A € A(SG) N7~ '(A(FG)?). Then there are some a, ) € F

such that
(A => Y agnlg—1)(h—1).

9€G heG
Since 7 is surjective, there are some f,j, € S such that 7(8y1) = ag . Then

A= Benlg—1)(h—1) € Ker 7.

g€G heG

It follows from (g — 1)(h — 1) € A(SG)? and Ker7® = n @ nA(SG) that A €
n® (nA(SG) + A(SG)?). Since A € A(SG), we conclude that A € nA(SG) +
A(SG)2. 0

Proposition 2.3. Let S be a commutative ring with an ideal n and G a finite
group. Write F' = S/n. Then there is an isomorphism of F-modules
A(SG :n)/A(SG :n)? = n/n?> @ A(FG)/A(FG)2.
Proof. Recall that A(SG :n) =n @ A(SG). As
A(SG :n) n® A(SG) n A(SG)

~

ASC:n)?  m2 @ (WAGSG) T ABGE)  m2 T wA(SG) + ASGE’

it suffices to prove that

A(SG) _ A(FG)

nA(SG) + A(SG)2 — A(FG)?

Consider the canonical map A(SG) — A(FG)/A(FG)?. By Lemma 2.2, we see
that the kernel of this map is nA(SG) + A(SG)?, as expected. O

The n-th dimension subgroup of a group G with respect to a commutative ring
S is the subgroup of G defined by

Dps(G)={geG|g—1€A(SG)"}.

When G is a finite p-group and S is a field of characteristic p, the following purely
group-theoretical formula describing the dimension subgroups was observed by Jen-
nings and reformulated by Lazard.

Proposition 2.4 ([15, Theorem 11.1.20]). Let F' be a field of positive characteris-

ticp and G a finite p-group. Then Dy, ¢(G) =[5, (G . In particular,
A(FG)/A(FG)? 2 F /7 G/®(G)

as F-vector spaces and a basis of A(FG)/A(FG)? is given by representatives g1 —1,

.oy, ge — 1 where g1, ..., g form a minimal generating set of G.

No compact formula of this kind is known for dimension subgroups in the general
situation, although some information is available, see e.g. [14, 18].
Moreover, the following is useful for computations in Section 3.
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Lemma 2.5. Let S be a commutative ring, G a group and n a positive integer.
Then v,(G) < D, 5(G).

Proof. This follows from the fact that the series D,, s(G) is central [15, Exer-
cise 11.2(i)]. O

The following easy observations will be very useful for calculations in group
algebras over commutative rings of characteristic 4.

Lemma 2.6. Let p be a prime, n a positive integer and 0 < i < p™. Then

(7)) = - D=,

where v denotes the p-adic valuation.

Proof. Let k = v(i) and expand i as

1

T

i = ipp" + igp1p
where 0 < ik, ik41,-..,in—1 < p and ig # 0. Since
Pr-1=@-D0+p+--+p" ) =p" -1+ (-Dp"+--+(p—1p" ",
we obtain
pr—i=p—i)p" + (=1 =i )P+ (P =T =i )"

It follows from Kummer’s theorem on binomial coefficients [10, p. 116] that

v ((19:)) = (i + ths1 + -+ in_1)

+((p—i) +(P—1—igp1) + -+ (p—1—ip1)) -1
=(—1(n—k). O

Lemma 2.7. Let S be a commutative ring with 45 =0, G a group and A, B € SG
two commuting elements. Then for each positive integer n we have

(A+B)?" =AY + B2 4242 B>,
In particular, for g € G we have
(9-1" =@ ~D+2" ~1).
Proof. 1t is enough to show that (2;) = (2n) =1 mod 4, (23:) =2 mod 4 and

n ’Ign n
(Qi) = 0 mod 4 otherwise. Of course, (20) = (gn) = 1. Let v denote the 2-adic
valuation. By Lemma 2.6 we have v ((2:)) =n —v(i) for every 0 < i < 2". So
(2:) =0 mod 4 for i # 2" ! and (2,2:1) =2 mod 4. O

Lemma 2.8. Let S be a commutative ring with an ideal n and 45 = 0. Let n be a
positive integer and Cyn = (u | u®>" =1). Set U =u —1 € SCon. Then for each
non-negative integer k,

S @ e @ ()
0<i<an—1 gn-1<ican
where w = S for j < 0.

Proof. Let Ej, denote the right-hand side of the equation. Set © = A(SCsn : n).
First, ©F D n*=*U* for 0 < i < 2" is clear. As 45 = 0, Lemma 2.7 shows that

U2 =u? 4202 4 1=20%"".
Hence 202" € ©2" and ©F D) onk—i=2" i for 91 < i< 2" Thus ©F D E,.
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Next, we show that ©F C Z; by induction on k > 0. The base case k = 0 is
evident. Let A € ©F and B € ©. By the inductive hypothesis, we can write

A= > aU'+ > (a+285)U

0<i<2n—1 an-1<icom
B = Z BiU" + Z (Bi + 2n:)U"*
0<i<2n1 an-1<icon

with some a; € n¥~%, B; € nl =% for 0 < i < 2" and & € n*~ 72"y e nl =2
for 2"~1 < § < 2", Then

AB = Z Z Ozi,BjUi+j+ Z Z OéiﬂjUiJrj

0<i<2n 0<j<2n 0<i<2m 0<j<2n
itj<2n—iq2n ij>2n—142n
+ E E 20,1 Ut 4 E E 20,15 Ut
0§1;<2n 2n—1§j<2n 0§i<2n 2n—1§j<2n
itj<2n itj=>2n
1+7 147
+ E g 26;,5;U"7 + E g 2¢,5;U"™7
2n=1<j<2n 0<j<2n 2n=1<i<2n 0<j<2n
i+j<2n ij>2n

with a;8; € W¥H1=0%9) and a;n;, &6; € nFH1-0+)=2""" The fourth and sixth
double sums vanish as 202" = 4U2""" = 0. The second double sum also vanishes
as U2" 12" = 2U?" =4U?"" =0. Thus

= XY astte ¥ apu

0<i<2m 0<j<2n 0<i<2n 0<j<2n
itj<2m 2n <j4j<2n 1427
+ ) > 20U + ) > 248,U.
0<i<2n an—1<j<2n 2n—1<j<2n 0<j<2n
i+j<2n i+j<2n

In the second double sum, each term can be rewritten as
. . . . n—1
OéiﬁjU%F‘] = 20@ﬁjUﬁ+]72
and its coeflicient satisfies

S s s on—1 n—1
alﬂjEnk+1—(z+]):nk+1—(z+]—2 )—2" 7t

Thus AB € E41.- O

The above equations agree with those that follow from Jennings’ theory when
S is a field of characteristic 2. The next example illustrates the previous lemma
explicitly for the cyclic group of order 4.

Example 2.9. Let S be a commutative ring with an ideal n and 4S5 = 0. Let
Cy=(ulut=1). Set U =u—1¢€ SC; and © = A(SC, : n). Then Lemma 2.8
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shows the following.

0'=S5 ¢ SU @ SU? ® SU3
O'=n ¢ SU ¢ SU? © SU3
*=n*@nU @ SU? ® SU3
0® =n® @ n’U @ nU? © SU?

o' =nten*U o @’ +29)U? U3
O° =’ @ntU @ (n® +20)U? @ (n? +25)U3

Accordingly, the successive quotients as S/n-modules are the following.
0%/e! = S/n
el/e*=n/m? ¢ S/n
0%/e* =n?/m*on/m® @ S/n
0%/0* = n?/m* @ n?/nd @ n/(n? 4+ 29) ®S/n
0*/0°% = n*/n® @ n®/n* @ (n® +29)/(n® + 2n) ® n/(n? +29)

Lemma 2.10. Let S be a commutative ring with an ideal n containing 2 and
45 =0. Let
Dig = <u,v,w ‘ UQ = 17U2 = 1,11)4 = 1,[U,U] = w, [w7u] = wQa [’LU,U} = UJ2>
be the dihedral group of orde_r 16. SetU=u—1,V=v—1,W =w—1 € SDq.
Moreover, let = {USV'W" |0 < s,t,i <2} and define a function w: B — 7 by
wU VW) =s+t+2i  (0<s,t,i<2).

Then for each non-negative integer k,

A(SDys :n)f = P n D0 e P (nk*‘**w@) + 2nk*8*w<‘°?>) QW?
Qe Qe%

where w/ = S for j < 0.

Proof. Let Zj, denote the right-hand side of the equation. Set © = A(SDjg : n). As
an additional notation, set z = w? = [w,u] = [w,v] and Z = 2 — 1 € SDy6. Then,
by Lemma 2.7, we have W? = Z + 2W. (Though this is not strictly necessary, we
note that Z € ©3 by Lemma 2.5.)

We will argue by induction on k. Since every element of Dig can be written as
uvtwiz? (0 < s,t,4,7 < 2), the base case k = 0 is clear:

SD1g = @ Q@ @ QW>.

Qe Qe%

So assume that the lemma holds for all non-negative integers at most k. Note
that U,V € ©, UV,W € 02, UW, VW € ©3 and UVW,W? € ©* Thus, it is
clear that n(F*1)-«(@Q C @kt and n(k+D-4-w (@ QW2 C Ok for each Q € Z.
Moreover, to see that 241 C ©F+! we need to show that 2W?2 € ©3. This follows,
using Z2? = 27 as 22 = 1, from

(W22 =(Z4+2W)? = 2% =27 = 2(W? +2W) = 2W?,

as the first element of this equation is contained in ©%. Hence we establish 23,1 C
CLans
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Also, we obtain that ©/60? is generated by the images of n, U and V. Hence to
show OFt1 C Eg+1 it is sufficient to show that for A a generic element in OF all of
nA, UA, V A are contained in Zj1.

Let, by the induction hypothesis,

A= 0agQ+ Y (Bo+21q) QW?
QeA QeB

for ag € nF~w(@ By € nk=17w(Q) and yo € nF 8@ for all Q € B. Clearly,
nA C Zi11. Next, using the equation U? = 2U, which holds as 42> =1 and 2 = —2
in S, we obtain

U Z 0@ = Z (thWi + QQUVtWi)UVtWi
QeA 0<t,i<2

which is contained in Zx4; as 2 € n by assumption. For the same reasons

U BeQW?= > (Byiw: + 2Bpvew ) UV W2,

QeRB 0<t,i<2
U 29%qQW? = Y 2y UV W2
QERB 0<t,i<2

and we get UZQ@% BoQW?2, UZQ@@ 27gQW? € Zi41, so that UA € Zp4q.

Next, consider VA. We have V2 = 2V as before. The calculations here are more
evolved and we separate A according to the summands @) € . When @ does not
have U as a factor, a short computation yields the following.

V(a1 + (81 + 27)W?) = anV + (1 + 20) VIV,
ViavV + (Bv + 29)VIW?) = 2ayV 4 28y VIV,
ViawW + (Bw + 2yw)WW?) = aw VW + (Bw + 29w )VIWIW?,
V(evw VW + (Byw + 29vw )VIWIW?) = 2ayw VIV + 2By w VIV,
When @ does have U as a factor, by elementary commutator formulas
VU=UV+(14+U+V+UV)W, WV=VW+Q+V4+W4+VW)Z

and the power formulas Z2 = 27, Z = W2 +2W, a lengthy computation yields the
following.

V(ayU + (Bu + 2y0)UW?)
=ap(UV+W+UW +VW + UVW)
+ (Bu +290) UV + W +UW + VW + UVIW)W?,
V(apvUV + (Buv + 2yuv)UVIV?)
=20y (UV +W +UW) — agy (VW + UVW)
— (apv 4+ 26uv)(1 + U)YW? + 28y UVIV?
+apy(W + UWYW? — (Buy + 2yuv) (VW + UVIW)IW?,
V(epwUW + (Buw + 2yow )\ UWW?)
= aypwUVW + (apw + 2Buw)1+ U +V + UV)W?
+ (Buw + 2yuw ) UVWIW?2,
V(evvwUVW + (Buvw + 2yuvw ) UVWIW?)
= 20pywUVW — (apvw + 2Buvw)(V +UV + W + UW)W?
+ 2By wUVIWIW2,

From these formulas, we conclude that VA € Z ;.
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Overall Ot =5, ;. O

3. PROOF OF MAIN THEOREM

This section is devoted to proving Theorem A. Throughout this section, we
assume that n > m > £ > 2 and G and H are the groups of order 2"t™+¢ defined
as

G <$,y,Z | ‘/I"Qn =1, y2m =1, z2l =1, [y,.’l?] =z, [Z,J?] = 2_27 [Z7y] = Z_2>7
H = (abec|a® =1,0" =a®", & =1, bha =¢, [, =c 2, [e,b] =c2),

which are counterexamples to the Modular Isomorphism Problem. At the time of
writing, these groups are essentially the only known examples. We fix not only the
groups G and H but also the generators z, y, z and a, b, ¢ that are used in their
presentations.

Moreover, we fix a commutative ring R with an ideal v and a maximal ideal m
such that m?> C vt C m and R/t has characteristic 4. By Lemma 2.1, it suffices to
work over a quotient ring S = R/t to prove Theorem A. We fix the commutative
ring S of characteristic 4 for the rest of this section. Let n = m/t and observe that
it is a maximal ideal of S with 2 € n and 2 ¢ n?.

Set © = A(SH : n) = n® A(SH). Note that the successive quotients ©/02,
©2/03, ... have the canonical vector space structure over the residue field F = S/n,
as nOF C ©%F! for each non-negative integer k. We write A =a—1, B =b—1,
C=c—1¢€ SH and «, § for scalars in F.

m

Hypothesis 3.1. For the convenience of the readers, we summarize the common
assumptions that will be used throughout.

en>m>/{>2.

e The groups G = (z,y, 2), H = (a,b,c) are defined as above.
e The commutative ring S has characteristic 4.

e The maximal ideal n of S satisfies 2 € n and 2 ¢ nZ.

e O=A(SH :n) C SH.

e A=a—-1,B=b—-1,C=c—1€ SH.

e a,fEF = S/n.

We will prove the following after several preliminary observations.
Proposition 3.2. Under Hypothesis 3.1, SG 2 SH.
We first record some elementary facts about the groups G and H.
Lemma 3.3. Under Hypothesis 3.1, 2%,y? € Z(G) and a®,b* € Z(H).
Lemma 3.4. Under Hypothesis 3.1, ©/0* 2 n/n?>  FA® FB.
Proof. This follows from Propositions 2.3 and 2.4. ]
First, we need to know how to approximate powers and commutators.
Lemma 3.5. Under Hypothesis 3.1, [B, Al = C mod ©3.
Proof. Note that [B,A] = (14+ A+ B+ AB)C. Lemma 2.5 shows that C € ©2,

and the lemma follows. (]
Lemma 3.6. Under Hypothesis 3.1, (¢ A+ 3B)? = a?A% + 32B? + aBC mod ©3.
Proof.

(A4 BB)* = a?A% + °B* + af[B,A] mod 63 (by 2AB € ©%)
=a?A% + °B? + afC mod 63 (by Lemma 3.5). O
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Lemma 3.7. Under Hypothesis 3.1, [C, A] = [C, B] = 2C" mod ©%.

Proof. Because the same proof works for B, we give the proof only for A. Set
d=[c,al and D=d—1¢€ SH. Since C € ©2 and D € ©3 by Lemma 2.5,

[C,A]=(1+A+C+AC)D=D (by D € ©%)
=1+0C)?-1 (by d = c™2)
=(1-2C+30C%~...)=1=2C mod ©* by Ce©?. O

Lemma 3.8. Under Hypothesis 3.1, A> = 2A and B?> =2B mod Z(SH).

Proof. Note that A2 +2A4 = a? — 1 and B? + 2B = b?> — 1. Since a? and b? are
central in H by Lemma 3.3, A% + 2A and B? 4 2B are central in SH. O

Lemma 3.9. Under Hypothesis 3.1,
(A + BB)* = a*A* + p*B* + o?B*C?* mod ©°.
Proof. Recall that C' € ©2 by Lemma 2.5. First Lemma 3.6 shows that
(aA+ BB)* = (a?A? + B?B? + aBC)?* mod ©°
and, in the same way, we get
(@A + BB)* = a*A* + p*B* + o?B2C?
+a?B%[B?, A% + o3B[C, A% + af®[C, B*] mod ©°.
Applying Lemma 3.8 yields
(A + BB)* = o*A* + B*B* + o®B2C? + 2a3B[C, A] + 2a33[C, B] mod ©°
and, by Lemma 3.7, we conclude that
(aA+ BB)* = a*A* + g*B* + o?4%C? mod ©°. O
Lemma 3.10. Under Hypothesis 3.1,
(@A+BB)*"" = (a+p)2" 47" mod O
Proof. First applying Lemma 3.9 yields
(@A + BB)?"" = (a’A + B'B* + 028°C?)*" mod ©1+2"

To compute this further, observe that A* is central in SH as A* = a* +2a% + 1
and a2 is central in H by Lemma 3.3. The same is true for B* as well. Hence it
follows from Lemma 2.7 that

(A + BB) A B

where we used 242" B2" = 242" C =2B2"C = 0 here, which also follows
using Lemma 2.7. Now a?” = b*" and Lemma 2.7 show that

A21n+1 _ (a . 1) . 2(0]27" - 1) _ (b27n+1 . 1) . 2<b2m _ 1) _ B2m+1_

gm+1 om+1 om+1 om+1 _om+1 gm+1
=

+a2" 82" C?" mod O ,

2771—1

+p

277171

27n+1

Similarly, m > ¢, ¢ =1 and Lemma 2.7 show that
= (" -1 =2 —1)=0.
Combining these, we conclude that
(@A+BB)"" = (2" 4 g2
@ 4202782 4 57 AT (by 247" =0)
(o + [3)27n+1z42m+1 mod O (by Lemma 2.7). O

2771,—1

2m,+1

Lemma 3.11. Under Hypothesis 3.1, A #% 0 mod e+,
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Proof. The basic idea of the proof is reducing the problem to the cyclic case. Con-
sider the normal subgroup N = (2" ,a=b,¢) of H and let K = (u | u2"" =1).
Set U =u—1¢€ SK. Since H/N =2 K and SH/A(SN)SH = SK by n > m, we
have a surjective homomorphism SH — SK defined by A +— U. As this homomor-
phism maps A(SH : n) onto A(SK : n), it suffices to prove that

U2 £0 mod A(SK : n)1+2m+1.

The coefficients of U2" in the direct sum decomposition of A(SK : n) 2" in
Lemma 2.8 are elements of (n'*2" 4 2n). By Lemma 2.7, we have U2"" = 202"
and as 2 € n and 2 ¢ n2, we get 202" ¢ (02" 4 20)U2". Hence, U2"" # 0
mod A(SK :n)l+2""" O

Lemma 3.12. Under Hypothesis 3.1, 2C # 0 mod ©*.

Proof. The basic idea of the proof is reducing the problem to the dihedral case.
Consider the normal subgroup N = (a?,b%, ¢*) of H and let

K=(uvw|u> =1 =1, v*=1, [v,u] =w, [w,u] =w? [wv]=uw?).

Set U=u—1,V=v—-1,W=w-1¢€ SK. Since H/N 2 K and SH/A(SN)SH =
SK, we have a surjective homomorphism SH — SK defined by A — U, B+— V
and C' — W. As this homomorphism maps A(SH : n) onto A(SK : n), it suffices
to prove that

2W #0 mod A(SK :n)t.

By Lemma 2.10 and 2W ¢ n?W as 2 ¢ n%, we get 2W £ 0 mod A(SK :n)%. O

Proof of Proposition 3.2. Suppose that there exists an algebra isomorphism SG —
SH to obtain a contradiction. Then we may construct a normalized isomorphism
¥: SG — SH from this by [16, p. 193]. In particular, it is compatible with the
augmentation ideals. Set Y =y —1 € SG. By Lemma 3.4, there are unique scalars
a, B of F such that

Y(Y)=aA+ BB mod 62

Note that no elements corresponding to n/n? are needed in these approximations
as 1) is normalized. Since v is an isomorphism of S-algebra and Y ¢ A(SG : n)? by
Lemma 3.4, we have (a, 8) # (0,0). For the rest of the proof, we turn to showing
the contrary.

Recall the power relation 32" =1 in G. Then Y

(3.1) 0=1y(Y) = (a+ B)QTHHATR+1 mod ©'+2""

by Lemma 3.10. Also recall that 32 is central in G by Lemma 3.3. Then Y2 +2Y =
y? — 1 is central in SG. As 1) is an isomorphism, ¥(Y)? + 2¢(Y) must be central
in SH. In particular, it must commute with A and B. By Lemma 3.6,

W(Y)2 4+ 20(Y) = a?A? + B2B? + aBC + 204 + 288 mod ©°.

2m+1

= 0 by Lemma 2.7 and

2m+1

So by Lemma 3.8,
DY)+ 20(Y) =2(a+a?)A+2(8+ %)B +aBC mod Z(SH) + 6°.
Then it follows from Lemmas 3.5 and 3.7 that
(3.2) 0= (V)2 +20(Y), A =2(8+ B2+ aB)C mod 04
(3.3) 0=[W(Y)>+2¢(Y),B] = 2(a+ a* + aB)C mod 0%,
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From formulas (3.1), (3.2) and (3.3) we get
a+B8=0
B+B>+aB=0
at+a’+aB=0
by Lemmas 3.11 and 3.12. This gives («, 8) = (0,0) and shows that SG % SH. O

Proof of Theorem A. From the assumptions, the quotient ring S = R/t has char-
acteristic 4 and n = m/v is a maximal ideal of S with 2 € n and 2 ¢ n?. By Propo-
sition 3.2, SG 22 SH. Hence, RG 2 RH by Lemma 2.1.

On the other hand, if R has characteristic 2, then the proof of [13, Theorem 3.1]
carries over verbatim just replacing the field in the proof by the ring R which shows
RG = RH in this case. O

4. RATIONAL AND COMPLEX GROUP ALGEBRAS

Theorem A shows that RG = RH when R has characteristic 2. It also shows
that RG % RH in many cases® when the characteristic of R is divisible by 4. When
2 is a unit in R, the situation is more delicate as the following shows (cf. [12,
Corollary 8.2]).

Proposition 4.1. Let G and H be the groups defined in Theorem A. Then CG =
CH, but QG 2 QH.

A proof will be given after a series of lemmas. Let v denote the 2-adic valuation
on the integers and let ¢ denote Euler’s totient function. We write € (T') for the set
of conjugacy classes of cyclic subgroups of a finite group I'. Then

1 1
CON =D Rt * 3040

ger

as |I' : Nr({g))| equals the number of conjugates of (¢) and ¢(|g|) equals the number
of generators of {(g). The following closed formula for the number of cyclic subgroups
of a finite abelian p-group will be useful for us.

Lemma 4.2. Let p be a prime and n > m > £ > 0 integers. Then

|<€(Cpn X Cpm, X Cp€)|
m—_{ __ 20 1

1 2 p
1

p

_ (’I’L _ m)pm—M 4 (p%-&-l +p2£) + 1.
Proof. There are many known formulas to calculate the number of cyclic subgroups
of a finite abelian group and we will use the one given in [20, Theorem 1]. In our
case it reads

P(p")d(p?)p(p*)

|E(Cpn x Cpm x Cpe)| = Z d(lem(p?, p7, p*))”

0<i<n
0<j<m
0<k<?

To get the closed formula, we derive three difference equations first.
|%(Cpn+1 X Cp'm X Cp[)| —_ ‘%(Cpn X Cphl X Cpf)‘ — p’ﬂl"'e7
|<5(Cpm+1 X Cpm+1 X sz)| — |<g((;'pm x Cym X Cpf)‘ _ pm+€+1 _’_pm-ﬁ-é’

1€ (Cpeir x Chpeir x Cpesn )| = [€(Cpe x Cpe x Cpe)| = p* 2 + p?+1 4 p*L.

2Note that the ring Z[T]/(4, T% — 2) is excluded from Theorem A, for instance.
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We only show the second one in detail as similar arguments show the rest as well.
Recall that ¢(p™ ") = p™ ' —p™ and Y <<, é(p*) = p*. Then
‘%(Cpmi»l X Cpm+1 X Cpe)l — |<5(Cpm X Cpm X sz)|
> o))+ D owe®) — ™) D (")
0<j<m 0<i<m 0<k<¢t
0<k<¢t 0<k<t

_ pm-i-é +pm+€ . (pm+1 _pm)pé
m+I+1 _i_pm—i-f.

=p
From these difference equations, we obtain
|€(Cpn x Cpm x Cpe)|
= (Tl, — m)pm"'e =+ |<5(Cpm X Cpm X Cp2)|

mfl_l
— (n = m)p™HE 4 (p2H +p25)% + € (Cpe x Cpe x Cpe)|
m—~{ 20
(o \ym 2041, 20\P" " — 1 2 nP -1 4
(n—=m)p™™" + (™" +p7) o1 + (@ +p+ )pg_1 + 1.

O
Lemma 4.3. Let I' be the group G or H defined in Theorem A and K a cyclic
subgroup of Cr(I"). Then
KAl < K< Z() or K< QT :T").
Proof. Set « =z, =y and vy =2z, if [ =G, and a = a, 8 = b and v = ¢, if

I’ = H. Observe that Cp(I') is a maximal and abelian subgroup of I generated by
af, a?, f? and 7. Set § = y2,if ' = G, and § = a2, if I = H. Then
Cr(I") = (a™'8) x (8) x (7).
Moreover, Q(I' : T”) is generated by « and the socle of (a~13,6) which is also
central in I'. Hence, the second condition implies the first. So we assume K < T
and K £ Z(T') and prove K < Q(T : TV).
Let g be a generator of K and write it as
g=(71p) oy (0<i<l|aT'Bl 0<j <[], 0<k <)
The first assumption K < T implies K* = K. As g® = g[g, o], there is an integer
t > 0 such that [g,a] = g*. Since [g,a] = 7*~%* we obtain
(aflﬂ)it — 1’ 5jt — 1’ ,Yk:t — ,_Yi72k
and accordingly
(4.1) v(it) > v(la™'Bl), v(it) > v(ld]), v(kt —i+2k) > v(]y]).
The second assumption K £ Z(T') implies [g,a] # 1 as ' = (o, Cr(I')). So ¥t # 1
and
(4.2) v(|v|) > v(kt).
From (4.2), the first of (4.1) and |~ 13| > |v|, we obtain v(i) > v(la=18]) —v(t) >
v(|v]) — v(t) > v(2k), which implies v(i — 2k) = v(2k). From (4.2) and the third
of (4.1), we also obtain v(kt — i + 2k) > v(kt), which implies v(i — 2k) = v(kt —
kt + i — 2k) = v(kt). These yield v(2k) = v(kt), and hence v(t) = 1. Thus
(9%) = (¢") = (lg,a]) and K < QT : ). 0
Lemma 4.4. Let G and H be the groups defined in Theorem A. Then
[€(H)| = |€(G)| = (n —m)2" (21 —1).
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Proof. We start the calculation, first for G. For better overview, we record the
conjugation action:

1 T —1

y=yz, 2V =xz"", 2 =2V =2 ,xz:mz2, yzzyzz.

Inside mazimal abelian subgroup of G. We first consider the elements in the
maximal subgroup which is also abelian

CG(GI) = <.’£y> X <y2> X <Z> =~ Con X Cgm—1 X 022.

Every element in C(G’) has either class length 1, when it lies in the center Z(G),
or 2, as then the centralizer equals Cg(G’). By Lemma 4.3, we can count the
number of conjugacy classes of cyclic subgroups of G lying in Cg(G’) using the
inclusion-exclusion principle as

1 1
> TGN~ 909D

9€Cq(G’)
D
(4.3) sez@omaan U9

= LI#(Ca(@))] + [€(2(@)] + [€(0(C &)

1

¢(lg1)

| —

9ECE(GI\(Z(G)U(G:E"))

_ %(\%(Q(G LGN 2(G)))).

Outside mazimal abelian subgroup of G. The elements of G\ Cq(G’) = z®(G) U
y®(G) are of the form

z(2?) (y?)2F or y(x?)i(y?) 2" (O<i<2ml 0<j<2mt 0<k<29.

Such an element ¢ satisfies g¥* = gz which implies ¢¢ = ¢gG’. It also satisfies
27 ¢ (9), so G'N{g) =1 and thus Ng({g)) = Cc(g). For the elements of z®(G),
note that they have the common order 2. So the contribution is

=2m-1,

Z 1 S lz®(G)| 2n—1 x gm=1 x 2f
G Na((o)] = o(lg) |G| x [(Z/2rZ)*] 26 x 2n-t

gezP(Q)

For the elements of y®(G), the calculation is more delicate because their orders
vary. Consider a chain of sets

Y2 (B(G)) € Y1 (B(G)) C -+ C Y1 (B(G)) = yd(G)

and observe that an element g € yQ:(®(G)) \ y%—1(P(G)) has order 2! for each
m+1<t<n-—1 Also an element g € yQ,,(P(G)) has order 2™. So the
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contribution is

1 1
> TG NNl < 3D

9€y®(G)
1 1
B gemg(:é(c)) |G : Na((9))] . o(lgl)
n—1 ) .
> 2 G Na(()] ™ 6(]a)

t=m+1 geyQ ((G))\yQ:—1(2(G))

__12n(@@) s (@O 101 (2(Q))
G 1(Z/22)7] G (Z/2Z)]

t=m+1

L omixamelyol Ty il gmel o

T 2tk gm—1 20 % ot—1
t=m+1
=2" 4 (n—m—1)2m" 1,

The overall contribution of G\ Ca(G’) to |€(G)| is

1 1
e r TR ()

9€G\Cq (G")
(4.4) _ 1 1 1 1
g%@ G Na(ig)] 409D 1@2{)@ G Na(lg)] 409D

=2 4 (n—m)2m L

For the calculation in H, we also record the conjugacy action, which is essentially
the same as for G:

1

b =be, a® =act, @ =c’ =c7, a = ac?, b° = bcP.

Inside maximal abelian subgroup of H. The arguments are very similar to the
case of the maximal abelian subgroup of G, so we make them shorter. First note
that

CH(H/) - <a2> X <ailb> X <C> = Czn—l X sz, X C2Z
is a maximal subgroup of H which is abelian. The class length of an element in

Cy(H') is 1, if it is central in H, and 2 otherwise. By Lemma 4.3, again by the
inclusion-exclusion principle, we obtain the contribution of Cy(H') to |€'(H)| as

1 1
> T NaG " S0

heCy (H')

1
- > — +
o PURD

(4.5) heZ(H)UQ(H:H'

= %(l‘f(CH(H’))I +[C(Z(H)| +|€(QH - H'))|)

DN | =

1
2 o)

heCy(H")\(Z(H)UQ(H:H"))

1
- 5(\%(Q(H cH')YNZ(H))]).
Outside maximal abelian subgroup of H. The elements in H\Cy (H') = aCy(H')
are of the form
a(@®)i(a™tb)ycd  (0<i< 2l 0<j<2™ 0<k<2.

Such an element h satisfies h® = hc which implies R = hH’ and its order equals
27 Tt also satisfies 2 ¢ (h), so H' N (h) =1 and thus Ny ({(h)) = Cy(h). The
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overall contribution of H \ Cy (H') to |€(H)]| is

1 1
2 TE N 0D

(4.6) heH\Cy (H')
__|H\Cg#H)] 2! x 2m x 2¢ _om
|H'| x (Z/2"Z)%| 2¢ x 2n—1 '
Comparing the values. We first note that
Z(G) = Z(H) = Oyn—1 X Cym-1 X Co,
QG:G)=QH: H) =~ (5 x Oy x Cye,

QUG:G)YNZ(G) = QH : H') N Z(H) = Cy x Cy x Cs.

So, comparing the expressions in (4.3) and (4.5), the groups are pairwise iso-
morphic except for Cq(G’) and Cyx(H') themselves. Hence the difference be-
tween the numbers of conjugacy classes of cyclic groups of H and G, which equals
(4.5) + (4.6) — (4.3) — (4.4), is

1 _
@7 |€H)| - [€(G)] = 5 (1€(Cu(H)] =€ (Ca(G))]) = (n—m)2m .
Recall that CH(H/) = CQ'nfl X Ogm X CQZ and CG(G/) = 0271 X Cgmfl X CQ@. It

follows from Lemma 4.2 that
|€(Cu(H"))| - 1€ (Ca(G")]
— ((n —m - 1)2m+€ + (22@—!—1 + 22@)(2777,—@ _ 1))

_ ((n —m+ 1)2m+l—1 + (22€+1 + 22@)(2771—2—1 _ 1))

= (n—m)2m+i-tl

Hence substituting |€(Cy(H'))| — | (Ca(G"))| in (4.7) gives
[€(H)| — |€(G)] = (n—m)2" (27— 1).
t

Proof of Proposition 4.1. To see that CG = CH, note that both G and H possess
a maximal subgroup which is abelian, namely C(G’) and Cy(H'), respectively.
Hence, by [8, Theorem 12.11], the degrees of irreducible characters are either one
or two. Then the Wedderburn decompositions of these algebras are

!/ ]‘ !
CG = G/G|C x (|G| = |G/G')M2(C),

CH = [H/H'|C x (| = [H/H')Ma(C)

where M5(C) denotes the matrix algebra of degree 2 over C. As |G| = |H| and
|G/G'| = |H/H'|, we have CG = CH.

To see that QG 2 QH, note that the difference of the numbers of conjugacy
classes of cyclic subgroups

[€(H)| = |€(G)] = (n—m)2" 71 (271 — 1)

is positive by Lemma 4.4, n > m and ¢ > 2. As the number of conjugacy classes
of cyclic subgroups coincides with the number of Wedderburn components of the
rational group algebra of a finite group [9, Corollary 7.1.12 (Artin)], this shows that

QG % QH. O

Brauer [2, Problem 2*] asked whether there are non-isomorphic finite groups that
have isomorphic group algebras over every field. Dade [3] discovered an example
among finite solvable groups whose orders are divisible by exactly two distinct
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primes. Although our groups G and H have isomorphic group algebras over every
field of characteristic 2 by Theorem A, these groups can be distinguished over the
rationals by Proposition 4.1. We conclude by posing the following problem (see
also [12, Problem 8.3]).

Problem. Let p be a prime. Are there non-isomorphic finite p-groups that have
isomorphic group algebras over every field?
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