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Abstract. Motivated by recent advances in structural optimization, we
propose a novel method for constructing the distance function to the boundary
of a given domain. Building on and extending the celebrated Varadhan as-

ymptotic theory, our approach reformulates the governing equation into a more

appropriate framework. A central contribution of this work is the derivation
of convergence rates within this new setting, which are shown to be optimal

in one dimension and offer significant improvements over existing results in
higher dimensions.

1. Introduction

The main aim of this paper is to propose a new method for constructing the distance

function and to rigorously establish its convergence behavior—most notably, a sharp

convergence rate, which is provably optimal in the one-dimensional case and improves

upon known bounds in higher dimensions. This rate, of the form
√
a log(1/a), contrasts

with weaker results such as a1/4 obtained in earlier works (e.g., [25]) and appears to be

new even in classical settings such as Varadhan’s original formulation.

From an engineering perspective, the significance of this study lies in its capability to

perform sensitivity analysis based on the adjoint variable method for geometric features

represented by the distance function, such as curvature and normal vectors [14, 18, 19].

This is particularly useful in the fields of topology optimization [3, 20, 24] and struc-

tural analysis in measurement, because in topology optimization, shapes are represented

by characteristic functions, and in structural analysis using X-rays, structures are repre-

sented by voxel data [23].

Using partial differential equations (PDEs) provides a powerful and flexible method

for constructing distance functions. Among various approaches, we revisit and extend a

classical elliptic formulation originally studied by Varadhan [26]. To illustrate this idea,

consider the equation: {
−a∆qa + qa = 0 in Ω,

qa = 1 on ∂Ω,
(1.1)

where Ω is a domain in RN with suitable regularity and a > 0 is a small parameter.
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In the simple one-dimensional case Ω = (−h, h), where h > 0, the solution is explicitly

given by

qa(x) =
cosh(x/

√
a)

cosh(h/
√
a)

. (1.2)

A direct computation shows that

−
√
a log qa(x) → d(x, ∂Ω), as a → 0+, x ∈ Ω,

where d(x, ∂Ω) := infy∈∂Ω |x − y| denotes the Euclidean distance to the boundary. In

this example, we have d(x, ∂Ω) = h− |x|. See Appendix B for further details, including

the case of higher-dimensional ball domains. Remarkably, this convergence is rigorously

justified by Varadhan [26] for general N ≥ 1 and even with variable coefficients, where

the limiting distance reflects the underlying Riemannian structure (see also [10, 6, 22]).

It is worth noting that the distance function can also be obtained from other PDE-

based formulations, such as the Hamilton–Jacobi and heat equations [21, 4, 5, 7, 26].

However, the present approach, based on elliptic equations with added source terms,

offers novel advantages in terms of rate of convergence and practical applicability.

1.1. Problem setup

We propose a new PDE method for constructing the distance function based on the

following linear elliptic equation with inhomogeneous Dirichlet boundary condition:{
−a∆ua + ua = f in Ω,

ua = g on ∂Ω,
(1.3)

where a > 0 is a constant parameter. In case f = 0 and g = 1, this equation falls down

to (1.1). Though we also use a linear elliptic equation, our view is rather different from

the classical case; namely, we recognize Ω as a fixed design domain, and the “domain

of interest” is defined as [f = 0] := {x ∈ Ω : f(x) = 0} with the source term f . As

a typical example of f , one can take the characteristic function with respect to ω ⊂ Ω

(i.e., f = χω), which implies that we focus on the distance to the boundary of (the

material) ω varying within the fixed domain Ω, as in the structural optimization process

[2]. The following example in one dimension will be helpful for grasping an asymptotic

feature as a → 0+.

Example 1.1. Let ua be the solution to −au′′
a + ua = f on (−h, h) and ua(−h) =

ua(h) = α, where a, h, α > 0 and

f(x) :=

{
0, |x| < k,

(|x| − k)ζ , |x| ≥ k,

with ζ ≥ 0 and 0 < k < h. By direct calculations, we can see that

ua(x) = γa cosh
x√
a
− 1√

a

∫ x

0

f(y) sinh
x− y√

a
dy, x ≥ 0,
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where

γa =
α+ 1√

a

∫ h

0
f(y) sinh h−y√

a
dy

cosh h√
a

.

Then, as a → 0+,

γa ∼ 1
√
ae

h√
a

∫ h

k

e
h−y√

a (y − k)
ζ
dy =

a
ζ+1
2 e

h−k√
a

√
ae

h√
a

∫ h−k√
a

0

e−zzζ dz ∼ Γ(1 + ζ)a
ζ
2 e

− k√
a ,

and hence, uniformly on [0, k],

log ua(x) = log γa + log cosh
x√
a

= log
γa

Γ(1 + ζ)a
ζ
2 e

− k√
a

+ log Γ(1 + ζ)a
ζ
2 e

− k√
a + log cosh

x√
a

=
1√
a
(x− k) +

ζ

2
log a+O(1), a → 0+.

By symmetry, this yields that, uniformly on [−k, k],

−
√
a log ua(x) = (k − |x|) + ζ

2

√
a log

1

a
+O(

√
a), a → 0+.

See also Figure 1.

The function k − |x| is exactly the distance of the point x to the boundary of the

support of f , not to the boundary of Ω. The appearance of the distance function can be

justified in a more general setting, which is the main result of the present paper.

1.2. Main results

Throughout this paper, the following assumptions for Equation (1.3) are employed.

Assumption.

-1.0 -0.5 0.5 1.0

0.01

0.02

0.03

0.04

0.05

0.06

-1.0 -0.5 0.5 1.0

0.2

0.4

0.6

Figure 1: The graphs of f(x) (left), −
√
a log ua(x) (right, solid line) and k−|x| (right, dashed

line) in the setting of Example 1.1 with h = 1, k = 2
3
, α = 1, a = 0.0001 and ζ = 2.
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(i) Ω is a bounded Lipschitz domain of RN and satisfies an exterior sphere condition

at each point of ∂Ω.

(ii) f : Ω → R is measurable, bounded and nonnegative in Ω, and the set [f > 0] :=

{x ∈ Ω: f(x) > 0} is nonempty and open in Ω.

(iii) The set A := Ω\ [f > 0] is nonempty and satisfies d(A, ∂Ω) > 0, where d(A, ∂Ω) :=

infx∈A,y∈∂Ω |x− y|.

(iv) The above set A satisfies a uniform exterior sphere condition, i.e., there exists

ε0 > 0 satisfying the following property: for any σ ∈ ∂A, there exists an open ball

B ⊆ Ω \A of radius ε0 tangent to ∂A at σ, i.e., σ ∈ ∂A ∩ ∂B.

(v) g is a nonnegative function on ∂Ω and g ∈ C(∂Ω) ∩H
1
2 (∂Ω).

Remark 1.2. In Theorem 1.9, we also assume a uniform interior sphere condition,

i.e., the condition “B ⊆ Ω \ A” in (iv) is replaced with B ⊆ A. In [16, Corollary 2] it

is shown that a bounded domain A satisfies both uniform exterior and interior sphere

conditions if and only if A is a C1,1-domain.

Remark 1.3. One could remove the exterior sphere condition for Ω from Assumption

(i) if one used [12, Problem 6.3]. Actually, the exterior sphere condition will be needed

only to use [12, Theorem 6.13] later. According to [12, Problem 6.3], the exterior cone

condition, which follows from the Lipschitz boundary condition for Ω, is enough to show

[12, Theorem 6.13]. However, since we could not find a proof of [12, Problem 6.3] in the

literature, we keep to assume the exterior sphere condition that is satisfied by practical

examples such as balls and rectangles.

As Ω is Lipschitz and g ∈ H
1
2 (∂Ω), by the surjectivity of the trace operator (see

e.g. [13, Theorem 1.5.1.3]), there exists g̃ ∈ H1(Ω) such that g̃|∂Ω = g. Then according to

Figure 2: A typical configuration of Ω and A = A1 ∪A2 ∪A3.
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[12, Theorem 8.3] there exists a unique weak solution to (1.3), i.e., a function ua ∈ H1(Ω)

such that ua − g̃ ∈ H1
0 (Ω) and the following holds for all φ ∈ H1

0 (Ω):∫
Ω

a∇ua(x) · ∇φ(x) dx+

∫
Ω

ua(x)φ(x) dx =

∫
Ω

f(x)φ(x) dx. (1.4)

Moreover, ua turns out to be in W 2,p
loc (Ω) ∩ C(Ω) for any 1 ≤ p < +∞ by [12, Theorem

9.30] and ua is positive on Ω, see Subsection 2.2.

Then the main result reads as follows.

Theorem 1.4 (Construction of distance function). Under Assumptions (i) – (v), it

holds that, as a → 0+,

−
√
a log ua(x) → d(x, ∂A) uniformly on A.

Remark 1.5. As the above result shows, to construct the distance function d(·, ∂A),

there is arbitrariness for selecting Ω and g. In [20], Ω was simply a rectangle and a simple

boundary function g ≡ 1 was selected. Nevertheless, since specializing to such simple

examples does not simplify the proofs, we work under the most general assumptions on

Ω and g.

The convergence rate can also be obtained by carefully estimating the steps in the

proof of Theorem 1.4. Let Bε(y) stand for the open ball of radius ε > 0 centered at

y ∈ A and My
ε(H) be the volume mean of a function H in the ball Bε(y):

My
ε(H) :=

1

|Bε(y)|

∫
Bε(y)

H(x) dx.

In order to get a rate of convergence, we put a moderate assumption on the volume mean

of f .

Theorem 1.6 (Rate of convergence). In addition to Assumptions (i) – (v), we

further assume that there exists ζ ≥ 0 such that

0 < inf
0<ε<1
y∈∂A

ε−ζpMy
ε(f

p) ≤ sup
0<ε<1
y∈∂A

ε−ζpMy
ε(f

p) < ∞, p ∈ {1, 2}. (1.5)

Then for every 0 < τ < 1/2 there exists a constant C > 0 such that

sup
x∈A

∣∣−√
a log ua(x)− d(x, ∂A)

∣∣ ≤ Ca
1
2−τ for all 0 < a <

1

2
.

Moreover, if ζ = 0 then the bound Ca
1
2−τ can be replaced by C

√
a log 1

a that is optimal

at least in dimension one, see Example 1.1.

Remark 1.7. In case of f ≡ 0 and g ≡ 1, ua coincides with the solution qa to

Equation (1.1) and A coincides with Ω as [f > 0] = ∅. Although this case is excluded

from our main result due to Assumption (iii), our proof can be easily fixed to treat this
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case. More precisely, under the modified assumption

(i’) Ω is a bounded domain of RN with a uniform exterior sphere condition,

we can prove the bound

sup
x∈Ω

∣∣−√
a log qa(x)− d(x, ∂Ω)

∣∣ ≤ C
√
a log

1

a
for all 0 < a <

1

2
, (1.6)

which seems a new result to the best of authors’ knowledge. In fact, the most difficult

parts, Steps 2 and 3 in Subsection 2.3 and arguments in Section 3, are no longer needed,

so that the proof is much simpler. This rate of convergence is optimal in dimensions

N ≥ 2 from an explicit estimate in the case of ball domains; see Appendix B. It is worth

mentioning that Tran studied more general possibly nonlinear equations and obtained

the weaker bound Ca
1
4 [25, Theorem 3.3], see also Remark 1.10 below.

Remark 1.8. Condition (1.5) is technical and the exponent ζ only appears implicitly

in the constant C. Whether this condition can be removed or not is unclear. The number

ζ represents the smoothness (or the speed of damping) of f near ∂A. This condition is

satisfied by many practical examples, e.g. the characteristic function f = χΩ\A (ζ = 0)

and functions of the form f(x) = max{0, p(x)} where p is a smooth function (typically ζ ≥
1). On the other hand, functions f(x) that go to zero exponentially fast as d(x, ∂A) → 0

provide counterexamples (“ζ = +∞”). See Examples 3.2 – 3.4 for further details.

In the special case where the source function f is a characteristic function, we can

also capture a distance function on a part of the complement of A. Also, in this case, we

can get the optimal convergence rate.

Theorem 1.9 (Construction of (local) signed distance function). In addition to

Assumptions (i) – (v), we also assume a uniform interior sphere condition for A. We

select f := C∗χΩ\A with any constant C∗ ≥ supx∈∂Ω g(x) and define Ua ∈ H1(Ω) as

Ua(x) :=

{√
a log ua(x), x ∈ A,

−
√
a log(C∗ − ua(x)), x ∈ Ω \A

(1.7)

and the signed distance function

d̂(x, ∂A) :=

{
−d(x, ∂A), x ∈ A,

d(x, ∂A), x ∈ Ω \A.

Then there exists C > 0 such that

sup
x∈Ω∗

|Ua(x)− d̂(x, ∂A)| ≤ C
√
a log

1

a
for all 0 < a <

1

2
, (1.8)

where Ω∗ := {x ∈ Ω: d(x, ∂A) ≤ d(x, ∂Ω)}.

Remark 1.10. Closely related problems were studied in the context of the method of
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vanishing viscosity for viscosity solutions to Hamilton–Jacobi equations. First, applying

the Cole-Hopf transform pa(x) = −
√
a log ua(x) to our equation (1.3) yields{

−
√
a∆pa + |∇pa|2 − 1 = −f exp( pa√

a
) in Ω,

pa = −
√
a log g on ∂Ω.

Since f vanishes in A, the above equation implies

−
√
a∆pa + |∇pa|2 − 1 = 0 in A. (1.9)

Equations more general than (1.9) were treated in [11] and [25] with zero boundary

condition on ∂A. In [11, Theorem 5.1] an asymptotic expansion was obtained. In [25,

Theorem 3.3], the rate of convergence a
1
4 was obtained as mentioned above. In our

problem, the values of pa on ∂A are not a priori given. The major part of our proof is

devoted to the estimate of these boundary values. The same rate of convergence a
1
4 has

been obtained in [17, Proposition 6.1] (see also the remark after the proposition) when

the domain is whole space RN . For optimal convergence rates in the vanishing viscosity

limit for quadratic (and more generally uniformly convex) Hamilton–Jacobi equations,

see [8].

1.3. Structure and technical contribution of this paper

This paper is composed of four sections. Section 2 is devoted to proving Theorem 1.4.

The basic strategy of the proof is similar to [26]: we use explicit comparison functions

for ua to obtain upper and lower bounds of −
√
a log ua. The upper estimate of ua is

obtained rather directly from the comparison technique. However, the lower estimate of

ua is much more involved than that in [26] and requires a substantially new idea. In [26],

the values of the solution on the interface (i.e., ∂Ω) are constant and are independent of

a > 0 due to the inhomogeneous Dirichlet boundary condition, see (1.1). On the other

hand, the values of ua on the interface ∂A of our target depend on a. This is the most

delicate and complex issue in this paper. To overcome this difficulty, we shall elaborate

on the lower bound of the solution on the interface, i.e., βa := infx∈∂A ua(x), and then

prove
√
a log βa → 0 as a → 0+, which plays a crucial role in the proof (the uniform

lower bound infx∈Ω ua(x) is generally too small and seems to be useless for the proof).

To prove this, we shall establish a bound for
√
a log βa in terms of the volume mean of

ua on small balls by comparing ua with the explicit solution to (1.3) (see Lemma 2.3) in

the case where f = 0 and Ω is a ball. Then we find a bound for the volume mean making

use of a global energy bound for ua, which concludes the proof of
√
a log βa → 0.

Section 3 deals with the rate of convergence to the distance function. This is achieved

by showing a fine rate of convergence
√
a log βa → 0. For this purpose, we refine the global

energy estimate of ua to a local one.

Section 4 provides a sketch of the proof of Theorem 1.9. It is quite similar to that

of Theorem 1.4.
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2. Proof of Theorem 1.4

2.1. Preparation: surface mean and volume mean

Let η > 0, y ∈ RN , F ∈ C(∂Bη(y)) and mη(F ) stand for the surface mean of F on

∂Bη(y), i.e.,

my
η(F ) :=


1

|∂Bη(y)|

∫
∂Bη(y)

F (x) dσx, if N ≥ 2,

F (y + η) + F (y − η)

2
, if N = 1.

For a function H ∈ C(D) with ∂Bη(y) ⊆ D ⊆ RN , we simply denote by my
η(H) the

surface mean of the restriction H|∂Bη(y) on ∂Bη(y).

Recall that the volume mean and surface mean are related as follows.

Lemma 2.1. Let H ∈ C(Bη(y)). Then

My
η(H) =

N

ηN

∫ η

0

rN−1my
r(H) dr.

Proof. For N = 1 the formula can be directly checked. We assume N ≥ 2. In

the polar coordinate x = rω+y (r > 0, ω ∈ ∂B1(0)), it holds that dx = |∂Br(0)| drdω =

|∂B1(0)|rN−1 drdω (see Remark 2.2 below). This yields∫
Bη(y)

H(x) dx = |∂B1(0)|
∫ η

0

rN−1

(∫
∂B1(0)

H(rω + y) dω

)
dr

= |∂B1(0)|
∫ η

0

rN−1my
r(H) dr.

The desired formula follows from the relation |∂B1(0)| = N |B1(0)|. □

Remark 2.2. A parametric representation of polar coordinate is given e.g. by

ωi =
[∏i−1

k=1 sin θk

]
cos θi (1 ≤ i ≤ N − 1), ωN =

∏N−1
k=1 sin θk, 0 ≤ θi ≤ π (1 ≤

i ≤ N − 2), 0 ≤ θN−1 ≤ 2π. Then the volume element is dx = drdσr, where

dσr := rN−1
∏N−1

i=1

[
sinN−1−i θi dθi

]
is the surface area element on ∂Br(0) and dω :=

dσ1/|∂B1(0)| is the uniform distribution on the unit sphere.

Lemma 2.3. Let H ∈ C2(Bη(y)) ∩ C
(
Bη(y)

)
be a classical solution to the modified

Helmholtz equation

a∆H = H in Bη(y).

Then it holds that
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H(y) =



my
η(H)

∫ π

0
sinN−2 θ dθ∫ π

0
cosh

(
η cos θ√

a

)
sinN−2 θ dθ

, if N ≥ 2,

my
η(H)

cosh
(

η√
a

) , if N = 1.

Proof. The case N = 1 follows by directly solving the equation. The case N ≥ 2

is exactly the second formula in [15, (2.5)]. For the reader’s convenience, we give a proof

in Appendix A. □

2.2. Preparation: positivity and uniform bound for solutions.

The solution ua of (1.3) satisfies

0 < ua(x) ≤ M := max

{
sup
x∈Ω

f(x), sup
x∈∂Ω

g(x)

}
for all x ∈ Ω. (2.1)

Indeed, let v ∈ C2(Ω) ∩ C(Ω) be a classical solution to the following equation:{
a∆v = v in Ω,

v = g on ∂Ω.

The existence of v is guaranteed by [12, Theorem 6.13]. Setting U = v− ua, we see that

U ∈ H1
0 (Ω) satisfies {

−a∆U + U = −f in Ω,

U = 0 on ∂Ω.

Then testing it by U+ := max{U, 0} ∈ H1
0 (Ω), one can derive that∫

Ω

|U+(x)|2 dx =

∫
Ω

U(x)U+(x) dx

≤
∫
Ω

U(x)U+(x) dx+

∫
Ω

a∇U(x) · ∇U+(x) dx

= −
∫
Ω

f(x)U+(x) dx ≤ 0,

which yields v ≤ ua in Ω. By the weak maximum principle (see e.g. [12, Corollary 3.2]),

v is nonnegative and so 0 ≤ v ≤ ua in Ω. Moreover, [12, Theorem 9.6] applied to −ua

implies that either ua > 0 on Ω or ua is constant on Ω, the latter of which never happens

since f is nonzero. Therefore, ua > 0 on Ω. The positivity guarantees that we can

consider the function log ua.

For the boundedness from above, let u⋆
a := M − ua. Then{

−a∆u⋆
a + u⋆

a = M − f in Ω,

u⋆
a = M − g on ∂Ω.
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Since M−f ≥ 0 on Ω and M−g ≥ 0 on ∂Ω, the previous arguments show u⋆
a ≥ 0, which

is exactly the upper bound of (2.1).

2.3. Proof of Theorem 1.4

Our general strategy is to split the proof of Theorem 1.4 into two parts: there exist

ma ∈ R, a > 0, such that

inf
x∈A

[−
√
a log ua(x)− d(x, ∂A)] ≥ ma and lim inf

a→0+
ma ≥ 0, (2.2)

and there exist Ma ∈ R, a > 0, such that

sup
x∈A

[−
√
a log ua(x)− d(x, ∂A)] ≤ Ma and lim sup

a→0+
Ma ≤ 0. (2.3)

2.3.1. Proof of lower bound

We begin with the lower limit (2.2), which is much easier. Let us consider the

following equation: {
a∆ûa = ûa in A,

ûa = ua on ∂A.
(2.4)

By [12, Theorem 6.13], Equation (2.4) has a unique classical solution ûa ∈ C2(A)∩C(A).

In addition, [12, Theorem 9.5] implies ua = ûa on A.

We take an arbitrary y ∈ A and fix it. Let ε := d(y, ∂A) and let w = wy ∈
C2(Bε(y)) ∩ C(Bε(y)) be a unique classical solution to{

a∆w = w in Bε(y),

w = M on ∂Bε(y),

where M is the uniform upper bound of ua defined in (2.1). Since ua ≤ w on ∂Bε(y),

we see by the comparison principle that ua ≤ w on Bε(y). We can deduce from Lemma

2.3 that

ua(y) ≤ w(y) ≤ πM

(∫ arccos(1−a)

a

exp((ε cos θ)/
√
a)

2
sinN−2 θ dθ

)−1

≤ πM

(
exp(ε(1− a)/

√
a)

2

)−1
(∫ arccos(1−a)

a

sinN−2 θ dθ

)−1

≤ 2πM exp(−ε(1− a)/
√
a)

[arccos(1− a)− a] sinN−2 a
if N ≥ 2

and

ua(y) ≤ w(y) =
2M

exp(ε/
√
a) + exp(−ε/

√
a)

≤ 2Me
− ε√

a if N = 1.

Therefore, we have
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√
a log ua(y) ≤

{
−d(y, ∂A)(1− a) +

√
a logCN,aM if N ≥ 2,

−d(y, ∂A) +
√
a log 2M if N = 1,

where CN,a := 2π/[(arccos(1 − a) − a) sinN−2 a] � (1/a)N− 3
2 as a → 0+ by noting that

arccos(1− a) ∼
√
2a, a → 0+. Thus we obtain

−
√
a log ua(y)− d(y, ∂A) ≥

{
−a diam(A)−

√
a logCN,aM if N ≥ 2,

−
√
a log 2M if N = 1.

(2.5)

Since this lower bound is uniform over y ∈ A and
√
a log ua is continuous on A, we obtain

(2.2) as desired.

Remark 2.4. Because of the constant boundary value, w has the following explicit

formula in Bε(y):

w(x) =


M

∫ π

0

cosh((|x− y| cos θ)/
√
a) sinN−2 θ dθ∫ π

0

cosh((ε cos θ)/
√
a) sinN−2 θ dθ

for N ≥ 2,

M
cosh(|x− y|/

√
a)

cosh(ε/
√
a)

for N = 1.

For our purpose, the value of w at the center y, i.e., Lemma 2.3, was sufficient as shown

above.

2.3.2. Proof of upper bound

We next establish the upper bound (2.3), where the quantity

βa := inf
y∈∂A

ua(y) > 0

turns out to be of great help.

Step 1. We establish a bound for ua of the form

−
√
a log ua(y)− d(y, ∂A) ≤ (2.6)

−
√
a log βa +

{
a diam(A) +

√
a(1 + a) +

√
a log C̃N,a if N ≥ 2,

√
a if N = 1

for all y ∈ A and a > 0, where C̃N,a is a positive constant independent of y and such

that C̃N,a � (1/a)N− 3
2 , a → 0+.

Towards a proof, we take an arbitrary y ∈ A and fix it. Let σ = σy ∈ ∂A be a point

such that |y − σ| = d(y, ∂A). For each 0 < a ≤ ε20, there exists a ball B√
a(ỹ) ⊆ Ω \ A

tangent to ∂A at σ according to Assumption (iv), see Figure 3. (The point ỹ will depend

on a and y.) Note then that

|y − ỹ| ≤ d(y, ∂A) +
√
a. (2.7)
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Let z be the unique classical solution to
a∆z = z in RN \B√

a(ỹ),

z = βa on ∂B√
a(ỹ),

lim
|x|→+∞

z(x) = 0.

Recall that the solution z can be written as

z(x) =



βa

∫ ∞

0

exp(−(|x− ỹ| cosh t)/
√
a) sinhN−2 t dt∫ ∞

0

exp(− cosh t) sinhN−2 t dt
for N ≥ 2,

βa exp(−|x− ỹ|/
√
a) for N = 1.

(2.8)

Since ua ≥ βa ≥ z on ∂A by (2.8) (recall from arguments around (2.4) that ua|A ∈
C2(A)∩C(A) is a classical solution to (2.4)), the comparison principle [12, Theorem 3.3]

ensures that ua ≥ z in A. Noting that arcosh(1 + a) ≥ arsinh(a) for all a > 0, we infer

from (2.7) and (2.8) that, if N ≥ 2,

ua(y) ≥ z(y)

≥ βa

cN

∫ arcosh(1+a)

arsinh(a)

exp(−(|y − ỹ| cosh t)/
√
a ) sinhN−2 t dt

≥ βa

cN
aN−2[arcosh(1 + a)− arsinh(a)] exp

(
−
[
d(y, ∂A) +

√
a
]
(1 + a)

√
a

)
,

where cN > 0 is the denominator of z in (2.8), and if N = 1,

<latexit sha1_base64="1d6OWoFYz0LLJy17qKlrTA4QeP4="></latexit>

⌦

Figure 3: A typical configuration of Ω, A = A1 ∪A2 ∪A3 and B = B√
a(ỹ).
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ua(y) ≥ z(y) ≥ βa exp

(
−
[
d(y, ∂A) +

√
a
]

√
a

)
.

Passing to the logarithm yields

√
a log ua(y) ≥

√
a log βa +

{
−[d(y, ∂A) +

√
a ](1 + a)−

√
a log C̃N,a if N ≥ 2,

− [d(y, ∂A) +
√
a ] if N = 1,

where C̃N,a := cN/[aN−2(arcosh(1 + a) − arsinh(a))], and hence the desired inequality

(2.6). The asymptotic behavior C̃N,a � (1/a)N− 3
2 , a → 0+, holds since arcosh(1 + a) ∼√

2a and arsinh(a) ∼ a as a → 0+. Note that, since this is uniform on y ∈ A, it also

holds on A by the continuity of
√
a log ua.

In view of (2.6), it remains to prove that

lim inf
a→0+

√
a log βa ≥ 0, (2.9)

which is achieved in Steps 2 and 3 below. Note that this inequality is equivalent to

lima→0+
√
a log βa = 0 because βa is uniformly bounded from above, cf. (2.1).

Step 2. For each a > 0, we choose a point ya ∈ ∂A such that ua(ya) = βa, which exists

by the continuity of ua. We prove that, for any 0 < ε < d(∂A, ∂Ω) := inf{|x − y| :
(x, y) ∈ ∂A× ∂Ω} and a > 0,

√
a log βa ≥ −ε+

√
a logMya

ε (ua). (2.10)

For each 0 < η < d(∂A, ∂Ω), let uη
a be a unique classical solution to{

a∆uη
a = uη

a in Bη(ya),

uη
a = ua on ∂Bη(ya).

We see by Lemma 2.3 that

uη
a(ya) ≥

mya
η (ua)

cosh(η/
√
a)

(2.11)

in any dimensions N . On the other hand, ua ≥ uη
a holds in Bη(ya) by the same argument

as in the proof of ua ≥ v in Ω (see Subsection 2.2), which then yields

ua(ya) =
N

εN

∫ ε

0

ηN−1ua(ya) dη

≥ N

εN

∫ ε

0

ηN−1uη
a(ya) dη for 0 < ε < d(∂A, ∂Ω). (2.12)

Combining (2.12) with (2.11) and Lemma 2.1, we infer that, for any 0 < ε < d(∂A, ∂Ω),

ua(ya) ≥
N

εN cosh(ε/
√
a)

∫ ε

0

ηN−1mya
η (ua) dη =

Mya
ε (ua)

cosh(ε/
√
a)

≥ e
− ε√

aMya
ε (ua),
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so that (2.10) holds.

Step 3. We show that, for any 0 < ε < d(∂A, ∂Ω),

lim
a→0+

sup
y∈∂A

|My
ε(ua)−My

ε(f)| = 0. (2.13)

Before going to the proof, we observe that (2.10) and (2.13) imply (2.9). Indeed, by

Assumption (ii), My
ε(f) > 0 for all y ∈ ∂A. Since y 7→ My

ε(f) is continuous on ∂A, the

number α := infy∈∂A My
ε(f) is positive. From (2.13), |Mya

ε (ua)−Mya
ε (f)| < α/2 for suffi-

ciently small a > 0 and hence Mya
ε (ua) ≥ α/2. This yields lima→0+

√
a logMya

ε (ua) = 0,

and hence, by (2.10), lim infa→0+
√
a log βa ≥ −ε. Since 0 < ε < d(A, ∂Ω) was arbitrary,

this completes the proof of (2.9) and hence of Theorem 1.4.

Equation (2.13) can be proven as follows. To begin with, testing the weak form (1.4)

with φ := ua − g̃ ∈ H1
0 (Ω), we observe that∫

Ω

a∇ua(x) · ∇(ua(x)− g̃(x)) dx+

∫
Ω

ua(x)(ua(x)− g̃(x)) dx (2.14)

=

∫
Ω

f(x)(ua(x)− g̃(x)) dx ≤ 1

2
‖f‖2L2(Ω) +

1

2
‖ua‖2L2(Ω) + ‖f‖L2(Ω)‖g̃‖L2(Ω).

On the other hand,

the left hand side of (2.14)

≥ 1

2
‖
√
a∇ua‖2L2(Ω) −

1

2
‖
√
a∇g̃‖2L2(Ω) + ‖ua‖2L2(Ω) −

(
1

2Λ
‖ua‖2L2(Ω) +

Λ

2
‖g̃‖2L2(Ω)

)
for any Λ > 0. By setting Λ = 2, the global energy bound

1

2
‖
√
a∇ua‖2L2(Ω) +

1

4
‖ua‖2L2(Ω) ≤ C (2.15)

holds for some C > 0 independent of 0 < a < 1.

We fix y ∈ ∂A and a number δ such that 0 < δ < ε. In the weak form (1.4), we select

φy
ε,δ := χy

ε ∗ ξδ, where χy
ε is the indicator function of the ball Bε(y), ξδ(x) := δ−Nξ(x/δ),

and ξ : RN → [0,∞) is a C1(RN ) function supported on the closed unit ball B1(0) such

that
∫
RN ξ = 1.

By the weak form ∫
Ω

uaφ
y
ε,δ =

∫
Ω

fφy
ε,δ − a

∫
Ω

∇ua · ∇φy
ε,δ,

we can get the following inequality:

εN |B1(0)||My
ε(ua)−My

ε(f)| =
∣∣∣∣∫

Ω

uaχ
y
ε −

∫
Ω

fχy
ε

∣∣∣∣ (2.16)

≤
∣∣∣∣∫

Ω

uaχ
y
ε −

∫
Ω

uaφ
y
ε,δ

∣∣∣∣+ ∣∣∣∣∫
Ω

fφy
ε,δ − a

∫
Ω

∇ua · ∇φy
ε,δ −

∫
Ω

fχy
ε

∣∣∣∣
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≤
∣∣∣∣∫

Ω

uaχ
y
ε −

∫
Ω

uaφ
y
ε,δ

∣∣∣∣︸ ︷︷ ︸
=:I1

+

∣∣∣∣∫
Ω

fφy
ε,δ −

∫
Ω

fχy
ε

∣∣∣∣︸ ︷︷ ︸
=:I2

+

∣∣∣∣a ∫
Ω

∇ua · ∇φy
ε,δ

∣∣∣∣︸ ︷︷ ︸
=:I3

.

We estimate the last three terms below. To lighten the notation, we drop the superscripts

y and use the same symbol C for possibly different positive constants that are independent

of y ∈ ∂A.

Estimates on I1 and I2 follow from that of ‖φε,δ −χε‖2. Here and henceforth, ‖ · ‖p
denotes ‖ · ‖Lp(Ω), when no confusion can arise. In the expression

φε,δ(x)− χε(x) =

∫
|z|<δ

[χε(x− z)− χε(x)]ξδ(z) dz,

we observe that

sup
|z|<δ

|χε(x− z)− χε(x)| ≤

{
0, |x− y| < ε− δ or |x− y| > ε+ δ,

1, ε− δ ≤ |x− y| ≤ ε+ δ

so that

‖φε,δ − χε‖2 ≤
√
|B1(0)|

√
(ε+ δ)N − (ε− δ)N ≤ C(δεN−1)

1
2 . (2.17)

By the Schwarz inequality and uniform boundedness of ua, we have

I1 ≤ C‖φε,δ − χε‖2 ≤ C(δεN−1)
1
2

and similarly

I2 ≤ C(δεN−1)
1
2 .

For I3, Young’s inequality implies

‖∇φε,δ‖2 = ‖χε ∗ ∇ξδ‖2 ≤ ‖χε‖2‖∇ξδ‖1 ≤ Cε
N
2 δ−1. (2.18)

Combining (2.15) and (2.18) yields

I3 ≤
√
a‖

√
a∇ua‖2‖∇φε,δ‖2 ≤ C

√
aε

N
2 δ−1.

Altogether we deduce

|My
ε(ua)−My

ε(f)| ≤
I1 + I2 + I3
|B1(0)|εN

≤ Cδ
1
2 ε−

N+1
2 + C

√
aδ−1ε−

N
2 .

Note that the constant C is independent of y ∈ ∂A, 0 < a < 1 and 0 < δ < ε < d(∂A, ∂Ω).

Taking supy∈∂A, lim supa→0+ and then limδ→0+ yields (2.13) as desired.
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3. Proof of Theorem 1.6

Rate of convergence can be obtained by careful estimates of each approximation in

the proof of Theorem 1.4. The lower bound

inf
x∈A

[
−
√
a log ua(x)− d(x, ∂A)

]
≥ −C

√
a log

1

a

actually follows from (2.5). This lower bound is better than −Ca
1
2−τ and does not require

condition (1.5). It remains to prove the upper bound

sup
x∈A

[
−
√
a log ua(x)− d(x, ∂A)

]
≤ Ca

1
2−τ . (3.1)

One can see from arguments in Subsection 2.3.2, especially from Equations (2.10) and

(2.6), that the main problem is to find a good lower bound for
√
a log βa as a function

of a, which follows from a good lower bound for My
ε(ua) with suitably chosen function

ε = ε(a).

3.1. Preparation: local energy bounds

The strategy is to give careful estimates on the integrals I1, I2, I3 in (2.16). The

following local version of energy bound (2.15) plays a crucial role.

Lemma 3.1. For any a, η > 0 and y ∈ Ω such that B3η(y) ⊆ Ω, the inequality

a‖∇ua‖2L2(Bη(y))
+ ‖ua‖2L2(Bη(y))

≤ ‖f‖2L2(B3η(y))
+ CNaη−2‖ua‖2L2(B3η(y))

(3.2)

holds, where CN > 0 is a constant depending only on the dimension N .

Proof. We take ϕ = ϕη ∈ C1
c (RN ) such that 0 ≤ ϕ ≤ 1 on RN , supp(ϕ) ⊆ B3η(y)

and ϕ = 1 on Bη(y). Taking the test function φ := ϕ2ua in the weak form yields

a

∫
Ω

∇ua · ∇[ϕ2ua] +

∫
Ω

ϕ2u2
a =

∫
Ω

ϕ2fua. (3.3)

We observe that

the right hand side of (3.3) ≤ 1

2

∫
Ω

ϕ2(f2 + u2
a) =

1

2
‖ϕf‖22 +

1

2
‖ϕua‖22.

On the other hand, using the inequality 2α ·β ≥ − |α|2
2 − 2|β|2 (α, β ∈ RN ), we have that

the left hand side of (3.3) = a

∫
Ω

ϕ2|∇ua|2 + 2a

∫
Ω

(ϕ∇ua) · (ua∇ϕ) + ‖ϕua‖22

≥ a‖ϕ∇ua‖22 − a

(
1

2
‖ϕ∇ua‖22 + 2‖ua∇ϕ‖22

)
+ ‖ϕua‖22

=
a

2
‖ϕ∇ua‖22 − 2a‖ua∇ϕ‖22 + ‖ϕua‖22,

so that
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a‖ϕ∇ua‖22 + ‖ϕua‖22 ≤ ‖ϕf‖22 + 4a‖ua∇ϕ‖22. (3.4)

To estimate ‖∇ϕ‖∞, we select ϕ := χ2η ∗ ξη, where χ2η is the indicator function of the

ball B2η(y), ξη(x) := η−Nξ(x/η), and ξ : RN → [0,∞) is a C1(RN ) function supported

on the closed unit ball B1(0) such that
∫
RN ξ = 1. Then we obtain

‖∇ϕ‖∞ ≤ ‖χ2η‖1‖∇ξη‖∞ = |B1(0)|(2η)N‖∇ξ‖∞η−N−1. (3.5)

Combining (3.4) and (3.5) and properties of ϕ yields the desired inequality. □

3.2. Proof of the upper bound (3.1) in Theorem 1.6

For simplicity, numerous positive constants appearing below are all denoted by C.

These constants might depend on N, τ, ζ, but not on a or y. The notation in Step 3 of

Subsection 2.3.2 is inherited. We fix y ∈ ∂A. Let 0 < τ ′ < τ < 1/2 be arbitrary and

ε = a
1
2−τ and δ = a

1
2−τ ′

.

Note that ε > δ for 0 < a < 1.

Estimating local energy. In (3.2) note that condition (1.5) implies ‖f‖2L2(B3η(y))
≤

CηN+2ζ . We specialize to the parameter η = 3kε, k = 0, 1, 2, . . . , where ε = a
1
2−τ . Then,

neglecting the term a‖∇ua‖2L2(Bη(y))
, we get

‖ua‖2L2(B
3kε

(y)) ≤ C(3(N+2ζ)kεN+2ζ + 3−2ka2τ‖ua‖2L2(B
3k+1ε

(y))). (Ineqk)

Recursively substituting (Ineqk) into the right hand side of (Ineq0) amounts to

‖ua‖2L2(Bε(y))
≤ C(εN+2ζ + a2τn‖ua‖2L2(B3nε(y))

)

for all 0 < a < 1 and n ∈ N such that B3nε(y) ⊆ Ω. Choosing n to be the minimal

integer such that 2τn ≥ ( 12 − τ)(N +2ζ) and recalling that ‖ua‖2 is uniformly bounded,

we get the bound

‖ua‖2L2(Bε(y))
≤ CεN+2ζ (3.6)

as long as B3nε(y) ⊆ Ω. Substituting (3.6) into the right hand side of (3.2) with η = ε =

a
1
2−τ , we obtain a bound for the local energy

‖
√
a∇ua‖2L2(Bε(y))

+ ‖ua‖2L2(Bε(y))
≤ CεN+2ζ , (3.7)

where C > 0 is independent of a > 0 and y ∈ ∂A.

Estimating I1, I2 and I3. Note that the integrands in I1, I2, I3 are supported on the

ball B2ε(y) since the test function vanishes outside it. By the Schwarz inequality, (2.17)

and the local energy estimate, we have

I1 ≤ ‖φε,δ − χε‖2‖ua‖L2(B2ε(y)) ≤ C(δεN−1)
1
2 ε

N+2ζ
2 = CεN+ζ(δ/ε)

1
2 (3.8)

and similarly
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I2 ≤ CεN+ζ(δ/ε)
1
2 . (3.9)

Concerning I3, combining (3.7) and (2.18) yields

I3 ≤
√
a‖

√
a∇ua‖L2(B2ε(y))‖∇φε,δ‖2 ≤ CεN+ζ

√
aδ−1. (3.10)

Lower bound of My
ε(ua). Combining (2.16), (3.8), (3.9) and (3.10) together we deduce

|My
ε(ua)−My

ε(f)| ≤
I1 + I2 + I3
|B1(0)|εN

≤ Camin{ τ−τ′
2 ,τ ′}εζ .

Since condition (1.5) exactly means My
ε(f) � εζ , ε → 0+, the right hand side is much

smaller than My
ε(f), so that

My
ε(ua) ≥ cMy

ε(f) ≥ c′εζ

for some c, c′ > 0, which, together with (2.10), further entails

√
a log βa ≥

√
a logMy

ε(ua)− ε ≥ −Ca
1
2−τ .

By this inequality and (2.6) we obtain (3.1) as desired.

The case ζ = 0. Although the proofs above are all valid for the case ζ = 0 too, some

changes of proofs provide a better upper bound. The necessary changes are noted below.

The parameters ε, δ are replaced with

ε =
√
a log

1

a
and δ =

√
a

(
log

1

a

) 1
2

.

In (3.4), we put η = ε, use the uniform boundedness of ua and Young’s inequality, to

proceed as

4a‖ua∇ϕ‖22 ≤ Ca‖∇ϕ‖22 ≤ Ca(‖∇ξη‖1‖χ2η‖2)2 ≤ Caη−2ηN ≤ CεN .

This yields the local energy estimate (without the tricky iterative substitution argument)

a‖∇ua‖2L2(Bε(y))
+ ‖ua‖2L2(Bε(y))

≤ CεN .

The remaining arguments are quite similar.

3.3. Supplementary examples

We present examples of source functions f that satisfy/do not satisfy condition (1.5).

Example 3.2. In addition to Assumptions (i) – (v), we assume that A has a C1-

boundary. Let f = cχΩ\A be the characteristic function multiplied by a constant c > 0.

We can see that

lim
ε→0+

My
ε(f

p) =
cp

2
, p ∈ {1, 2},
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uniformly on y ∈ ∂A. This shows that f = cχΩ\A satisfies condition (1.5) with ζ = 0.

Example 3.3. Let A := B1(0) ⊂ RN and f(x) := [(|x|2 − 1) ∨ 0]ζ with ζ ≥ 0 fixed.

For each y ∈ ∂B1(0) and p ∈ {1, 2} we have

My
ε(f

p) =
1

|Bε(y)|

∫
Bε(y)

f(x) dx =
1

εN |B1(0)|

∫
|x−y|<ε, |x|>1

(|x|2 − 1)pζ dx

=
1

εN |B1(0)|

∫ ε

0

dr

∫
Sr

rN−1(|y + rω|2 − 1)pζ dσ(ω)

=
1

εN |B1(0)|

∫ ε

0

rN+pζ−1

(∫
Sr

(2ω · y + r)pζ dσ(ω)

)
︸ ︷︷ ︸

=:F (r)

dr,

where Sr is the surface {ω ∈ ∂B1(0) : |rω+ y| > 1} and dσ is the (unnormalized) surface

measure. Since the surface Sr contains the hemisphere Sy
+ := {ω ∈ ∂B1(0) : ω · y > 0},

we have for 0 < r < ε < 1

cpζ :=

∫
Sy
+

(2ω · y)pζ dσ(ω) ≤
∫
Sr

(2ω · y)pζ dσ(ω) ≤ F (r) ≤ 3pζ |∂B1(0)|.

As cpζ is a positive constant independent of y and ε, the inequality c̃pζε
pζ ≤ My

ε(f
p) ≤

C̃pζε
pζ holds for some constants 0 < c̃pζ < C̃pζ independent of y ∈ ∂B1(0) and ε ∈ (0, 1).

Thus condition (1.5) is fulfilled.

Example 3.4. Let A := B1(0) ⊂ RN , q > 0 and

f(x) :=

{
exp[−(|x|2 − 1)−q], |x| > 1,

0, |x| ≤ 1.

Analogously to the calculations in Example 3.3 we obtain for each y ∈ ∂B1(0) and

ε ∈ (0, 1)

My
ε(f) =

1

εN |B1(0)|

∫ ε

0

rN−1

(∫
Sr

exp

(
− 1

(2rω · y + r2)q

)
dσ(ω)

)
︸ ︷︷ ︸

=:G(r)

dr.

The function G can be estimated as

G(r) ≤
∫
∂B1(0)

exp

(
− 1

(3r)q

)
dσ(ω) = |∂B1(0)| exp

(
− 1

(3r)q

)
≤ |∂B1(0)| exp

(
− 1

2(3ε)q

)
exp

(
− 1

2(3r)q

)
and so
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My
ε(f) ≤

|∂B1(0)|
|B1(0)|

ε−N exp

(
− 1

2(3ε)q

)∫ ∞

1/ε

t−N−1e−tq/(2·3q) dt.︸ ︷︷ ︸
= o(1), ε→0+

This inequality ensures that ε−ζMy
ε(f) → 0 as ε → 0+ for any fixed finite nonnegative

exponent ζ, so that f does not satisfy condition (1.5).

4. Proof of Theorem 1.9

Firstly, note that the desired inequality (1.8) on A was already established in Theo-

rem 1.6. It remains to work on Ω∗\A. It is easy to check that the functions u∗
a := C∗−ua

and f∗ := C∗ − f = C∗χA satisfy the PDE{
−a∆u∗

a + u∗
a = f∗ on Ω,

u∗
a = C∗ − g on ∂Ω.

Arguments very analogous to the proof of Theorems 1.4 and 1.6 work for this PDE,

which are outlined below. One needs to pay attention to that A∗ := Ω \ supp(f∗) does

not satisfy Assumption (iii) and this is why we need to focus on the smaller domain Ω∗.

• It holds from (2.1) that 0 < u∗
a ≤ C∗ on Ω.

• Take a ball Bε(y) with any y ∈ Ω∗ \ A and ε := d(y, ∂A) and a unique solution to

the equation {
a∆v∗a = v∗a in Bε(y),

v∗a = C∗ on ∂Bε(y).

Using the explicit form of v∗a and the comparison u∗
a(y) ≤ v∗a(y), we can prove

−
√
a log u∗

a(y)− d(y, ∂A) ≥

{
−a diam(A)−

√
a logCN,aC

∗ if N ≥ 2,

−
√
a log 2C∗ if N = 1

≥ −C
√
a log

1

a

for some C > 0 depending only on C∗, diam(A), N . In the above arguments, it is

important to take y from Ω∗ \ A, not from Ω \ A, because for y ∈ Ω \ A the ball

Bε(y) might not lie inside Ω.

• Step 1 is very similar. For y ∈ Ω\A we can take σ ∈ ∂A such that |y−σ| = d(y, ∂A)

and a ball B√
a(ỹ), now contained in A, and tangent to ∂A at σ. Then we can prove

sup
y∈Ω\A

[−
√
a log u∗

a(y)− d(y, ∂A)] ≤

−
√
a log β∗

a +

{
a diam(A) +

√
a(1 + a) +

√
a log C̃N,a if N ≥ 2,

√
a if N = 1.
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as desired. Note that here we do not need to work on the smaller domain Ω∗ \A.

• The arguments in Step 2 and Step 3 are available with obvious changes: we can

prove for any y ∈ Ω and η > 0 with Bη(y) ⊆ Ω

lim
a→0+

My
η(u

∗
a) = My

η(f
∗)

(
=

C∗

2

)
, uniformly over y ∈ ∂A,

and then prove

lim inf
a→0+

β∗
a ≥ 0,

where β∗
a := infy∈∂A u∗

a(y).

• We can prove
√
a log β∗

a ≥ −c
√
a log 1

a , 0 < a < 1/2, for some constant c > 0

following exactly the same lines of the proof of Theorem 1.6 (the case ζ = 0). Note

that we do not need the iterative self-substitutions of (Ineqk), see the last part of

Subsection 3.2.

A. Proof of Lemma 2.3

The following proof follows the lines of [15] but some parts are changed. Let µ := 1√
a
.

Note that Lemma 2.1 reads∫
Br(y)

H(x) dx = N |B1(0)|
∫ r

0

tN−1my
t (H) dt, 0 < r < η. (A.1)

We apply the Laplacian ∆y to (A.1). Using the uniform distribution dω on the unit

sphere ∂B1(0) and ∆H = µ2H, we have

∆ym
y
r(H) = ∆y

∫
∂B1(0)

H(y + rω) dω =

∫
∂B1(0)

∆H(y + rω) dω = µ2my
r(H),

so that

∆y(the right hand side of (A.1)) = N |B1(0)|µ2

∫ r

0

tN−1my
t (H) dt. (A.2)

On the other hand,

∆y(the left hand side of (A.1)) (A.3)

= ∆y

∫
Br(0)

H(y + z) dz =

∫
Br(0)

∆H(y + z) dz

=

∫
∂Br(0)

∇H(y + z) · z
r
dσz = |∂Br(0)|

∫
∂B1(0)

∇H(y + rω) · ω dω

= NrN−1|B1(0)|
∫
∂B1(0)

∂

∂r
H(y + rω) dω = NrN−1|B1(0)|

∂

∂r
my

r(H).

Equating (A.2) and (A.3) and differentiating them with respect to r yield the ODE
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∂2
rm

y
r(H) + (N − 1)r−1∂rm

y
r(H)− µ2my

r(H) = 0. (A.4)

Let ν := N−2
2 and F (r) := (µr)νmy

r/µ(H), 0 < r < µη. Then (A.4) will turn into

r2F ′′(r) + rF ′(r)− (r2 + ν2)F (r) = 0, 0 < r < µη. (A.5)

This second order linear differential equation is known to have two linearly independent

solutions Iν(r) and Kν(r) known as the modified Bessel functions of first and second

kinds, respectively [1, 9.6.1]. Since a general solution to (A.5) is a linear combination of

Iν(r) and Kν(r), there are constants c1, c2 ∈ R such that

F (r) = c1Iν(r) + c2Kν(r).

We can determine c1 and c2 from the asymptotics of the functions as r → 0+. It is well

known (see [1, 9.6.7 – 9.6.9]) that

Iν(r) ∼
(r
2

)ν 1

Γ(1 + ν)
, r → 0+,

Kν(r) → +∞, r → 0+.

On the other hand, the definition of F yields

F (r) = (µr)ν(H(y) + o(1)), r → 0+.

Combining these asymptotics we find that

c1 = H(y)Γ(1 + ν)(2µ)ν and c2 = 0.

Taking the limit r ↑ µη in the relation F (r) = c1Iν(r) yields

H(y) =
(µη/2)νmy

η(H)

Γ(1 + ν)Iν(µη)
. (A.6)

Finally, combined with the integral representation (see [1, 9.6.18])

Iν(r) =
(r/2)ν

Γ( 12 )Γ(ν + 1
2 )

∫ π

0

er cos θ sin2ν θ dθ

=
(r/2)ν

Γ( 12 )Γ(ν + 1
2 )

∫ π

0

cosh(r cos θ) sin2ν θ dθ, 0 < r < +∞

and the well known formula

Γ( 12 )Γ(ν + 1
2 )

Γ(1 + ν)
= B

(
1

2
, ν +

1

2

)
=

∫ π

0

sinN−2 θ dθ,

Equation (A.6) amounts to the desired formula.
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B. Optimality of the rate of convergence for Varadhan’s equation

We obtain an explicit rate of convergence for −
√
a log qa(x) → d(x, ∂Ω) to confirm

the optimality of the bound in (1.6) in dimensions N ≥ 2.

We begin with the simplest case of one dimension and Ω = (−h, h). The solution

(1.2) can be written as

qa(x) = e
x−h√

a · 1 + e
− 2x√

a

1 + e
− 2h√

a

,

so that for 0 ≤ x ≤ h we have

√
a log

1

2
≤ −

√
a log qa(x)− (h− x) =

√
a log

1 + e
− 2h√

a

1 + e
− 2x√

a

≤ 0.

By symmetry we obtain a similar inequality for x < 0 and amount to

sup
x∈Ω

| −
√
a log qa(x)− d(x, ∂Ω)| ≤

√
a log 2,

which improves (1.6).

In dimensions N ≥ 2, we consider the ball Ω := Bh(0) ⊆ RN . According to (A.6),

the solution qa at 0 can be written as

qa(0) =
( h
2
√
a
)(N−2)/2

I(N−2)/2(h/
√
a)Γ(N2 )

.

Using the asymptotic bahavior Iν(z) ∼ ez√
2πz

as z → ∞ (z > 0), see e.g. [1, formula

9.7.1], we have

qa(0) ∼
√
2π

2(N−2)/2Γ(N2 )

(
h√
a

)N−1
2

e
− h√

a

and so

−
√
a log qa(0)− h = −N − 1

4

√
a log

1

a
+

√
aκN + o(

√
a),

where κN := log

(
Γ(N2 )

√
2N−3

πhN−1

)
. This asymptotic formula is also valid for N = 1 as

can be checked directly.
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