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Abstract. For any pair of integers m and n such that 3 < m < n,
we provide an infinite family of links where each link in the family has a
locally minimal n-bridge position and a globally minimal m-bridge position.
We accomplish this by applying the criterion of Takao et al. The n-bridge
position is interesting because the corresponding bridge sphere is unperturbed,
so it must be perturbed at least once before it can be de-perturbed to attain
a globally minimal m-bridge sphere.

1. Introduction.

1.1. Preliminaries

A tangle (B3, T) is trivial if there is a Morse function h : (B3, T) — (—o0, 0] such
that h=1(0) = dB2, h|ps has exactly one index zero critical point and h restricted to
each arc component of T has exactly one index zero critical point. A bridge position of a
link L in the 3-sphere S? is a decomposition of (83, L) into a union of two trivial tangles
which intersect in a sphere called a bridge sphere. In the literature, bridge positions
are sometimes also referred to as bridge splittings or bridge presentations. Any given
link has infinitely many distinct bridge positions, and it is useful to assign a measure of
complexity to each one. The usual way to do this is to count the number of components
in the tangle on one side of the bridge sphere. This is called the bridge number.

Birman proved in [2] that any two bridge positions for a link are related by a sequence
of moves called perturbations (shown schematically in Figure 1) and the inverse moves
(de-perturbations). The horizontal line in Figure 1 represents a bridge sphere. Once a
perturbation is performed, there exists a pair of disks on opposite sides of the bridge
sphere intersecting each other in one point on the link, where the boundary of each disk
can be decomposed into two parts: one part on the bridge sphere and one part on a
subarc of the link. Observe that a perturbation move increases the number of tangle
components on either side of the bridge sphere by 1, resulting in a new bridge position
with a higher bridge number than the original.

A sphere which does not admit a de-perturbation move is called unperturbed, but
it can be difficult to determine whether a given bridge sphere is unperturbed. In other
words, if a link has an n-bridge position, it is not always clear whether an (n — 1)-bridge
position can be obtained from it via a de-perturbation move. The notion of strong
irreducibility, which we will now define, is useful for this problem.
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Figure 1. Perturbation.

For a surface X, the curve complex C(X) is the graph whose vertices are isotopy
classes of essential simple closed curves on Y. Two vertices are connected by an edge
in C(X) if their representatives can be realized disjointly. Given a link L € S® with
bridge sphere 3, a disk in S® is called essential if 1) its boundary is an element of C(X)
which cuts ¥ into two punctured disks, and 2) its interior is disjoint from both ¥ and L.
(Essential disks are also called compressing disks.) Let D4 (resp. D_) be the subcomplex
of C(X) spanned by curves on the bridge sphere that bound essential disks above (resp.
below) the bridge sphere. The bridge sphere ¥ is strongly irreducible if there is no edge
connecting Dy to D_. A useful observation made in [15] is that if a bridge sphere is
strongly irreducible, then the bridge sphere is unperturbed. We note that the converse
does not necessarily hold, for there are unperturbed bridge spheres that are not strongly
irreducible [16].

1.2. Moves Relating Representations

In general there are numerous methods to represent a fixed link type. Some well-
known examples include braid presentations and arc presentations as well as the bridge
positions we discussed above [7]. In each of these methods for representing links, there
are elementary moves that preserve both the presentation type and the topological type.
As we saw above with bridge positions and perturbation moves, these elementary moves
may alter the complexities of the presentations. An interesting problem is to measure
how many moves one has to perform to relate two presentations of the same link type.
The following question naturally arises.

QUESTION 1.1.  Given a measure of complexity (e.g., braid index, arc index, bridge
number, etc.), is there a sequence of complexity-decreasing moves from every diagram or
embedding of a link to one of minimal complexity?

We refer to a presentation with minimal complexity as a global minimum. A local
minimum is a presentation that does not allow for a complexity-decreasing move but is
not necessarily a global minimum. (For example, locally minimal bridge positions are
the same as unperturbed bridge positions.) It is known that the unknot has a braid
presentation which is a local minimum but not a global minimum [11]. On the other
hand, the unknot has no locally minimal bridge position other than the unique global
minimum [13]. Moreover, in the context of bridge positions, the answer to Question 1.1
is affirmative for 2-bridge knots [12], torus knots [14], and the (p, ¢)-cable of an mp-small
knot K, where every non-minimal bridge position of K is perturbed [18].

In general, in the context of bridge positions, the answer to Question 1.1 is not
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always, and there is an interesting topological consequence in cases where the answer is
no for a given bridge position: There will be at least two nonisotopic bridge spheres with
the same Euler characteristic for the link. A result of Maggy Tomova then implies that
the Euler characteristic of one bridge sphere can be used to estimate the bridge distance
of the other [17]. The bridge distance is a measure of complexity that can be difficult to
compute, but it provides information about hyperbolicity of link complements [1], the
minimum number of special generators for knot groups [5], and distortion of knots [4].

In [15], Ozawa and Takao provide the first example of a bridge position for which
the answer to Question 1.1 is no: an unperturbed 4-bridge position for a 3-bridge knot.
Jang, Kobayashi, Ozawa, and Takao generalize that result in [8] by providing, for each
n > 4, a 3-bridge knot with a locally minimal n-bridge position. This paper extends
their results further with the following theorem.

THEOREM 1.2.  For any two integers m and n such that 3 < m < n, there exists
an infinite family of m-bridge links, each of which has an unperturbed n-bridge position.

Our proof will be constructive. Each link L,, , in our construction will have exactly
(m — 1) components, and we remark that our examples are new since they have multiple
components. Also, m = 3 for the examples provided in [8], but m can be arbitrary in
this paper. There are some quick corollaries we can draw. The main results of [9] and
[18] imply the following.

COROLLARY 1.3.  The link L, ,, s a prime link that is not an iterated torus knot
or a (2,2q)-cable of an iterated torus knot.

We also have a lower bound on the number of moves it takes to go between the two
locally minimal bridge positions given by Theorem 1.2.

COROLLARY 1.4. It takes at least n — m + 2 perturbation/de-perturbation moves
to obtain one bridge sphere in Theorem 1.2 from the other one.

2. The Links of Interest

The delightful ideas and knot construction in [8] (especially sections 4 and 5) are the
primary inspiration and jumping-off point for us in this paper, and we assume readers
will read our work after or at least with reference to that one. To aid readers therefore,
much of our notation will be the same as or similar to the notation in [8].

We begin by constructing a knot diagram D,, ,. Then we will switch several cross-
ings of D, , and embed it into S3, naming the resulting knot K, , (which is inspired
by the knot K,, from [8]). We will then modify K, , by replacing certain crossings with
twist regions, thereby obtaining a link which we call Ly, ,,. It is this link which we will
show satisfies Theorem 1.2. (Technically L, , represents an infinite family of links.) A
fundamental insight from [8] is that by choosing particular crossing information along the
top two horizontal strands of their knot K, and along its two bottom horizontal strands,
we guarantee that the knot satisfies the 2-connected condition (which we will define in
Section 3.2). Thus we will employ the same crossing patterns in the construction of L, .
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Figure 2. The knot diagram D,, , when n is even. When n is odd, the
crossing information is switched at every crossing involving the three hori-
zontal strands highlighted in gray. An example collection of distinguished
crossings is highlighted in a darker shade of gray.
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Figure 3. The smallest diagram D4 5. The two distinguished crossings are
highlighted, and subarcs of the diagram are drawn with different line styles,
illustrating the link components they will belong to after surgery.

Fix positive integers m and n such that 3 < m < n. For n even, D,, , is the
knot diagram in Figure 2. When n is odd, D,, , is the same except that the crossing
information is switched at every crossing involving a highlighted strand. The diagram
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Figure 4. The knot K, , with n bridges when n is even. The black and
gray striped arc is contained in the zy-plane. In the case when n is odd,
the diagram looks the same except the crossing information is switched at
every crossing involving one of the three horizontal arcs highlighted in gray.
Along the three white-dotted horizontal arcs, the crossing information is not
shown, but it follows the over-over-under-under pattern of the strands to the
left and right. The distinguished crossings are highlighted.

D, » is pictured in the zy-plane, which allows us to easily talk about the several crossings
which are highlighted in the figure. Those crossings occur at the points (5,2.5) and
(2n —1,2m — 3.5) and at every point of the form (i, 5), where i € {7,9,11,...,2n — 3}
and j € {4.5,6.5,8.5,...,2m — 5.5}.

Observe that there are m — 2 rows of highlighted crossings. (The top and bottom
rows each only contain a single highlighted crossing.) Create a collection of distinguished
crossings by selecting one crossing from each row in such a way that for any pair of
distinguished crossings, one of them is both higher and to the right of the other. (In our
figures, distinguished crossings are highlighted with a darker shade of gray. For ease of
illustration, Figures 4, 6, and 21 show a particular selection of distinguished crossings
located as far to the right as possible.) The smallest values we allow for m and n are
m = 4 and n = 5, and an image of D, 5 is provided in Figure 3, along with its two
distinguished crossings.
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Figure 5. At each distinguished crossing we perform a surgery, replacing
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the crossing with a twist region as pictured here. This changes the knot
Kp,,n into the link Ly, ,. We perform the isotopy on the right, making H an
n-bridge sphere for Ly, ,. On the right side of Figure 6, we more explicitly
show how the twist region and the V-extrema are embedded with respect to
the height function h,.

Next we modify D, , by switching the crossing information at each distinguished
crossing and at every crossing along the horizontal strand to the left of a distinguished
crossing. Then we perform a series of Reidemeister II moves to remove unnecessary
crossings involving the horizontal strands to the right of the distinguished crossings,
and we embed this modified diagram in S* = R3 U {cc} as shown in Figure 4. We
call the resulting knot K,, ,, and we stipulate that with respect to the line styles in
Figure 4, 1) the single black and gray striped arc of K,, ,, is located in the zy-plane, 2)
Ky C[0,2n 4 2] x [—1,2m] x [—1,1], and 3) the arc which is the complement in K,, ,,
of the black and gray striped arc is in minimal position with respect to the zy-plane.

The y-axis induces a natural height function h, on K,, , with respect to which the
horizontal dashed line represents the level sphere h, 1(0), which we name H. Similarly,
the z-axis induces a height function h, on the knot, and the vertical dashed line represents
a level sphere h; !(2.5), which we call V. After a slight perturbation of the knot, both H
and V' are simultaneously bridge spheres with respect to h, and h;, respectively, with the
circular points in the figure representing the knot’s extrema with respect to H and with
the diamond points representing the extrema with respect to V. To distinguish between
all these extrema, we will call the circular points H-mazima and H-minima, and we will
call the diamond points V-mazima and V -minima. We have constructed K, ,, so that n
(resp., m) is the number of H-maxima (resp., V-maxima). Intuitively speaking, the knot
K, is similar to K, from [8], except that K, , includes a number of extra horizontal
loops of various lengths which are not present in K,.

Next we replace each distinguished crossing with a twist region as shown in Figure
5. To be more precise, we will perform m — 2 surgeries on K,, ,,, changing it into a link,
as follows. We identify m — 2 small disjoint balls, each of which contains a 2-component
untangle of K,,, such that the projection in the z-direction of that untangle to the
zy-plane contains exactly one distinguished crossing and no other crossings. We replace
each of these balls with another ball containing a right handed twist region with an even
number of half twists, as depicted in Figure 5. The result of these surgeries is a link with
m — 1 components, which we call Ly, ,,. An example of Lg ¢ is shown in Figure 6.

In Section 3, we use the 2-connected condition to show that H is an unperturbed n-
bridge sphere for L,, ., and in Section 4, we show that V is a globally minimal m-bridge
sphere for Ly, ;.
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Figure 6. On the left, an example of Lgg. On the right, a more detailed
view of a horizontal strip of the link diagram, representative of how we situate
each of the twist regions with respect to the y-axis. We embed the link so
that if before the surgery, a distinguished crossing was at height so — 0.5 for
some integer height so, then after the surgery, the twist region is contained
vertically between the heights of so — 0.5 and so. The vertical dashed lines
in that picture just represent some unspecified number of vertical strands of
the link.

3. H is Unperturbed

3.1. More Definitions

The sphere H cuts S% into two balls, which we call BT and B~ (with the H-maxima
contained in BT). As a bridge sphere, H cuts L, , into two trivial tangles. The tangle
contained in B¥ we call 77, and likewise, 7~ is the tangle contained in B~.

We will be interested in the sphere H as we perform isotopy, pushing it up and
down between the H-maxima and H-minima. To make this more formal, for each s €
[0,2m — 1] let H(s) be a sphere containing the horizontal rectangular disk [0, 2n + 2] x
{s} x [-1,1]. We choose this collection of spheres in such a way that they give us a
smooth isotopy from H = H(0) to H(2m — 1).

At certain heights, all of the link’s punctures are contained in a straight line. These
heights are given by the set S = {0,1,2,...,2m — 1} U {2.5,4.5,6.5,...,2m — 3.5}.
(These are the integer heights and the heights directly below each twist region.) For
each height s € S, let £(s) be a simple loop in H (s) with the property that ¢(s) intersects
the horizontal rectangular disk [0, 2n + 2] x {s} x [—1, 1] in a straight line segment from
the point (0, s,0) to the point (2n + 2,s,0). Thus for each s € S, all the punctures of
L,.», N H(s) are contained in £(s). From left to right, we will name these punctures
p1(5), p2(8), p3(s), ..., pan(s). That is, p;(s) is the i*® puncture along £(s). Let /;(s)
be the closed arc of £(s) whose endpoints are p;(s) and p;11(s) (where the addition is
taken mod 2n) and whose interior contains no other punctures. The loop £(s) cuts H(s)

Y
so+1
so+ 0.5
S0

so — 0.5
So— 1
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into two hemispheres. Let H,(s) be the hemisphere containing the rectangular disk
[0,2n + 2] x {s} x [0,1], and let H_(s) be the other hemisphere. Set Hy = H,(0) and
H_=H_(0).

For each i € {1,2,3,...,n}, let EZ"' and E; be the gray disks shown in Figure
4, let 0] = E; N H, and let o;"(2m — 1) = E;" N H(2m — 1). For each integer s €
{0,1,2,...,2m — 1}, the isotopy taking H(2m — 1) to H(s) restricts to an isotopy from
o (2m — 1) to an arc in H(s). We call this image-arc o (s), and we set ;7 = o;7(0).
As we follow o (2m — 1) down through this isotopy, it traces out a disk with four sides
(a disk which contains the arc o (s) for all s). The top side of this traced-out disk is
0;"(2m —1), the bottom side is a;", and the other two sides are subarcs of Ly, ,. We will
set ;" equal to the union of this disk with Ej". Observe that the disks in {E;"}; are
pairwise disjoint, and the sets {E;"}; and {E; }; are both complete collections of bridge
disks for H.

Let ot =J, o;f and 0= = |J}_, o; . The loop ¢ = ¢(0) contains ¢~ by construc-
tion, and we may assume that o™ is in minimal position with respect to £. Observe that
ot and o~ together comprise a bridge diagram for the pair (H, Ly, ).

3.2. The 2-connected Condition and n-bundles

A graph is 2-connected if for each vertex v, the graph remains connected after
removing v and all edges incident to v.

In [8], Jang et al. present a criterion on the pair ((oF,07),#) which, when satisfied,
guarantees that the corresponding bridge sphere is strongly irreducible. They call this
criterion the 2-connected condition, which we define below.

Observe that o~ lies along the shared boundary of Hy and H_. Fix i,j €
{1,2,...,n} with i # j, and fix € € {+, —}. Observe that o+ N H, consists of a collection
of arcs properly embedded in H., each of which is a subarc of o for some u. Each
component of ot N H, cuts H. into two subdisks. Let A; ; . be the subcollection of these
arcs which separate o, in one subdisk from o in the other subdisk.

Next we construct a simple! graph G; ;. from A; ;. as follows: Let the vertices of
G; j,« be the integers 1,2,...,n, and let distinct vertices v and w be connected by an
edge in G, ;. if and only if two components of A; ; . are a subarc 5 C o and a subarc
o C o which are adjacent to each other. By adjacent, we mean that H.\A; ;. has a
component whose closure contains both &7 and ;5. Now we are prepared to state the 2-
connected condition from [8]: the bridge diagram ((o7,07), /) satisfies the 2-connected
condition if the graph G; ;. is 2-connected for all ¢, j, €.

The following theorem is due to Jang et al. in [8].

THEOREM 3.1 (JANG, KOBAYASHI, OzZAWA, AND TAKAO). An n-bridge sphere
S with n > 3 of a link is strongly irreducible if there ewist a bridge diagram (o©,07)
of the bridge sphere S and a loop £ on S such that the pair ((c7,07),£) satisfies the
2-connected condition.

It is known that a strongly irreducible bridge sphere is unperturbed, so to ultimately
show that H is unperturbed, we will show that ((o*,07),¥) satisfies the 2-connected

LA simple graph contains no multiedges.



Bridge Positions That Cannot Be Monotonically Simplified 9

AR w3

Figure 7. An example of an n-bundle. An arc marked with a number ¢ is
a subarc of o} (s). Punctures (i.e., points of £(s) N Ly,.») are marked with
black circles. The arc endpoints marked with half circles are not punctures.
Of the arc endpoints marked with white circles, at most one of them is a
puncture.

condition, which by Theorem 3.1 implies H is strongly irreducible and therefore unper-
turbed. Before we do that, we will construct one more definition which will be useful for
Lemma 3.2. Fix a height s and a sign € € {+,—}. An n-bundle in H.(s) (or just an
n-bundle when the context is clear) is a collection of arc components of o (s) N H.(s)
such that

1. for each i € {1,2,...,n}, the collection includes a subarc of o} (s) and a subarc
of o7, (s) which are adjacent to each other in H.(s) (where the addition is taken
mod n),

2. there exist distinet k1, ks € {1,2,...,2n} such that each arc in the collection has
one endpoint on £, (s) and the other endpoint on ¢, (s), and

3. of all the endpoints of the arcs in this collection, at most one of them is a puncture.

An example of an n-bundle is illustrated in Figure 7. We can represent an n-bundle with
a single arc whose endpoints are on £(s). We begin representing n-bundles in this way
in Figure 11, and we always illustrate them using a dash-dot line style. If the n-bundle
is disjoint from all punctures (which is most often the case for us), we naturally draw
its representative arc with endpoints on £(s)\ L, . If the n-bundle contains exactly one
puncture, we draw the representative arc with one endpoint on that puncture and the
other endpoint on £(s)\Ly, . (This comes up only once for us: in Figure 11, and we
provide a zoomed-in view in that case for clarity.)

The rest of this section will demonstrate that ((c,07), ¢) satisfies the 2-connected
condition. This will require finding a collection of n-bundles contained in o by following
the isotopy of o (2m — 1) C H(2m — 1) down to level 0. Since m is unbounded above,
the height of L., , can be arbitrarily large, but Lemma 3.2 allows us to jump from the
top all the way down to level 2. The lemma does not give us a picture of all of o1 (2),
only three particular n-bundles contained in o™ (2), but that turns out to be all we will
need.

LEMMA 3.2.  The bridge sphere H(2) contains the following three n-bundles:
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Figure 8. This is essentially a recreation of Figure 12 from [8]. Above on
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the left, we see the right part of ¢ (2m — 3) when n is even, and below that,
we see the right part of o (2m — 3) when n is odd. Any arc labeled with an

integer 4 is a subarc of o (2m — 3).

Figure 9. We see o7 (2m — 3.5) when n is even (left) and odd (right). The
horizontal line represents £(2m — 3.5). The dashed arc illustrated as having
a puncture as one of its endpoints represents a whole collection of arcs of
ot (2m—3.5). At the puncture, the picture looks like the right side of Figure
8. Away from the puncture, the dashed arc represents 2n — 1 parallel strands.
A detailed image of the gray oval is found in Figure 10.

1. an n-bundle in H(2) with endpoints on the interiors of £1(2) and {2(2),
2. an n-bundle in H(2) with endpoints on the interiors of €2(2) and £4(2).
3. an n-bundle in H~(2) with endpoints on the interiors of £1(2) and €5(2).

We will use a reverse induction proof to find the first required n-bundle. Then we
will see that the existence of the second and third n-bundles quickly follows.
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Figure 10. On the left (for even n) and right (for odd n) are more detailed
images of the gray oval regions in Figure 9. Each dashed line represents the
collection of parallel arcs of o+ (2m — 3.5) illustrated in the middle picture.
Most importantly, the dark gray band at the bottom highlights an n-bundle.

{(2m — 3.5) - S
S N A
I/'\,
£(2m — 4) { \. :
\ N - .// \ /
. 4

Figure 11. In this and the following figures, curves drawn with a dash-dot
pattern are m-bundles. The gray dotted line with an arrow represents the
movement of one of the punctures under the isotopy of the sphere from
level 2m — 3.5 down to level 2m — 4. For each level s pictured here, the
leftmost puncture shown is p1(s) and the right most puncture shown is p2y, (s).
Importantly, the n-bundle found in H_(2m — 3.5) gives rise to an n-bundle
in Hy(2m — 4).

PROOF. For a height s € {2,4,6,...,2m—4}, let P(s) be the following statement.
The hemisphere H(s) contains an n-bundle with one endpoint on £1(s) and its other
endpoint on l2(s). We first show that P(2m —4) is true. Then we show that for an even
height s, if P(sg) is true, then P(sg — 2) follows, which allows us to conclude that P(2)
is true by induction.

We start by establishing the base case, which is that P(2m —4) is true. Since the top
part of our link L,, ,, matches the top part of K, from [8], we will start with Figure 12 of
[8], which illustrates o+ (2m — 3) (which for [8] is specifically o™ (3)). For our purposes,
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Figure 12. Illustration of the inductive step for Lemma 3.2. In each of the
four levels s pictured here, the leftmost puncture is p1 (s), but the three or four
punctures to the right of the ellipsis are not the rightmost punctures along
£(s). In the third picture, the n-bundles are drawn with a thinner stroke
width in order to properly show the spiraling around the two punctures. In
the bottom picture we see three resulting n-bundles, one in H{(so — 2) and
two in H_(sg — 2).

we only need the right side of their picture, which we reproduce here in Figure 8. Note
that the picture is different depending on the parity of n.

To move from level 2m—3 down to level 2m—3.5, the second-to-last and third-to-last
punctures twist around each other. This is illustrated in Figure 9, and a more detailed
view of an important portion is shown in Figure 10, in which we find an n-bundle in
o (2m — 3.5).

To move from level 2m—3.5 to level 2m—4, the third-to-last puncture moves leftward
in front of all the other punctures save the first, thereby becoming the second puncture
from the left at level 2m — 4, as shown in Figure 11. Note that we only focus on and
illustrate what happens to one n-bundle and ignore the rest of o™ (2m — 3.5). We have
shown the base case P(2m — 4) is true.

For the inductive step, consider Figure 12. Fix sg € {4,6,...,2m — 4} and assume
P(sg) is true, so o7 (sg) N H, (s¢) contains the required n-bundle. As the bridge sphere is
isotoped down to level sy — 1, the second puncture along £(sg) follows its corresponding
strand of L,, ,, moving behind some number of other strands until it takes its place
between two punctures some distance to the right. Observe that this action pulls the
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Figure 13. Above, n even. Below, n odd. Here we see two n-bundles at level
2, guaranteed by Lemma 3.2. The gray dotted line shows the path that the
second puncture will take when the bridge sphere is isotoped down to level
1. Here and in the following figures, the leftmost and rightmost punctures

shown are p1(s) and pan(s), respectively.

n-bundle with it. Then when moving from level so — 1 to level sqg — 1.5, that puncture
and the one to its left perform some positive number of full twists around each other,
and around them the n-bundle is forced to twist into a tao shape. This results in some
positive number of n-bundles in H_(sq — 1.5) which straddle the two punctures involved
in the twist region. We focus on only one of these n-bundles and ignore the rest of
o7 (so — 1.5). Next, we move from level sg — 1.5 to sg — 2. During this itotopy, of the
two punctures involved in the twist region, the one which started and ended on the left
moves leftward in front of all the other punctures to become the second puncture from
the left at level sg — 2, pulling the n bundle with it and resulting in the desired n-bundle
at level sp — 2, finishing the induction and allowing us to conclude that P(2) is true.
Thus we have the first n-bundle required in the statement of the lemma.

To find the second and third required n-bundles, observe that in the induction step,
when sg = 4, the ellipsis shown at the bottom of Figure 12 represents a segment of £(2)
containing no punctures, and the six punctures in the picture are p1(2), p2(2), ps(2),
p4(2), p5(2), and pg(2). Then the two n-bundles shown in H_(2) fulfill the requirements
for the second and third n-bundles in the statement of this lemma. O

Now we have three n-bundles in H(2), which will presently allow us to get a picture
of a number of n-bundles in H. When n is even, we only need the first and second
n-bundles from Lemma 3.2, and when n is odd, we only need the first and third. (These
are shown in Figure 13.) We will see that both the process and the result of the isotopy
from level 2 to level 0 is the same as in [8]. For completion, we will reexplain here as
Proposition 3.3.

PROPOSITION 3.3.  The link Ly, ,, is unperturbed with respect to the n-bridge sphere
H.

PrROOF. We want to show that ((¢,07), /) satisfies the 2-connected condition,
so we need to take the n-bundles we have found at level 2 and observe the isotopy down
to level 0. Moving from level 2 to level 1, pa(2) will weave rightward between the other
punctures and end up as po,—1(1). This path is shown in Figure 13. This will pull the
n-bundle in H,(2) along the path, resulting in the collection of n-bundles illustrated
in Figure 14. To simplify, we will ignore roughly half of these and focus only on the
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Figure 14. Above, n even. Below, n odd. The isotopy of the bridge sphere
from level 2 to level 1 results in this collection of n-bundles.
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Figure 15. Above, n even. Below, n odd. In this figure we ignore roughly
half of the n-bundles shown in Figure 14. The gray dotted line shows the
path that the second-to-last puncture shown will take when the bridge sphere

is isotoped down to level 0.
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Figure 16. Above, n even. Below, n odd. The solid black curves represent
collections of multiple parallel n-bundles. Here and in Figures 17 and 18, the
arcs of £ highlighted in gray are oy ,05,...,0,.
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Figure 17. Above, selected n-bundles in H; for n even. Below, selected

n-bundles in H_ for n even.
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Figure 18. Above, selected m-bundles in Hy for n odd. Below, selected
n-bundles in H_ for n odd.
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Figure 19. For each ¢ € {4,—} and for all 4,5 € {1,2,...,n} with ¢ # j,
the graph G; ;. contains this subgraph.
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Figure 20. Before and after the surgery and then the isotopy, each such
region of the link contains exactly one V-maximum. In these pictures we
do not illustrate crossing information at most of the crossings because it
varies depending on which distinguished crossing we are focusing on. The
number of black horizontal strands along the top of each picture may be any
nonnegative even number, depending on the values of n and m and on which

distinguished crossing we are focusing on.

n-bundles pictured in Figure 15, which also illustrates the path that the penultimate
puncture will take when H (1) is isotoped to H. The result of this isotopy is a large
amount of n-bundles in H, all pictured in Figure 16. Of those, we pick out the specific
collection of n-bundles illustrated in Figure 17 for the case when n is even and in Figure
18 for when n is odd.

Fix e € {+,—}, and fix i,5 € {1,2,...,n}, with ¢ # j. Figures 17 and 18 show
that o, and o, are separated in H. by at least one n-bundle, regardless of the parity
of n. It follows from the definition of an n-bundle that for any v € {1,2,...,n}, vertex
v in the graph G, ; . is connected to vertex v + 1 (using addition mod n), so therefore
G; j.« contains a circuit passing in order through the vertices 1, 2, 3, ..., n, and back to
1, as shown in Figure 19. Such a graph is necessarily 2-connected, regardless of what
additional edges the graph may contain. Since this is true for all 7, j, and ¢, it follows
that ((o%,07),¥) satisfies the 2-connected condition.

Therefore by Theorem 3.1, H is a strongly irreducible bridge sphere for L., . It is
known that strongly irreducible bridge spheres are unperturbed, so this completes the
proof. O

4. L., is an m-bridge Link
ProrosiTION 4.1.  The link Ly, », is an m-bridge link.

ProoF. We point out that after replacing crossings in K, , with twist regions,
Ly, is not in fact in an m-bridge position with respect to V, for each twist region
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Figure 21. This is the link Lg 9 from Figure 6 after the isotopy illustrated

in Figure 20 is performed at each twist region, showing how V is a 6-bridge
sphere for Lg 9. Each link component is depicted with a distinct line style.

introduces multiple new V-extrema, all on the same side of V. An isotopy at each twist
region easily solves this problem.

Let z¢ be the z-value corresponding to one of the distinguished crossings of K, 5.
Consider the pictures in Figure 20. The first picture shows the part of K, , lying in the
region X = (zg—1.5,29+1.5) x (—1,2m) x (—1,1). This part of the knot contains a single
distinguished crossing. The second picture in Figure 20 shows the result of the surgery
replacing the crossing with a twist region. The third and fourth pictures show an isotopy
of the strands of L, , in X. This isotopy is local, happening only within X. The point is
that in the left picture we see that X contains exactly one V-maximum, and in the right
picture, i.e., after the surgery and isotopy, X still contains exactly one V-maximum. We
perform this surgery and isotopy in a similar region around each distinguished crossing,
so in the end the number of extrema relative to h, and their locations relative to V has
not changed from K, ,, to Ly, . Therefore V is an m-bridge sphere for L, .

Next, observe that L, , is an m — 1 component link. Of those components, m —2 of
them have exactly one V-maximum and one V-minimum, which means that individually
they are unknots. We call the other link component L7, ,. (This is the component of
L, , which contains the two leftmost H-maxima.) Figures 22 and 23 explicitly show
that L, , = 41 when n is even, and L;, , = 52 when n is odd. The knots 4; and 5,
are known to be 2-bridge knots, so V' is a globally minimal bridge sphere for L;, ,,. Now
since V is a globally minimal bridge sphere for each individual component of L, ., it
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L

Figure 22. When n is odd, L7, , is the 52 knot.

Isotopy
_

R

Figure 23. When n is even, L;mn is the 4; knot.

follows that V' is a globally minimal bridge sphere for L,, , itself, and therefore L,, ; is
an m-bridge link.
O

Observe that Theorem 1.2 follows directly from Propositions 3.3 and 4.1.

5. Final Remarks

First, the reader may have noticed that our proofs that H and V are unperturbed
do not rely on the assumption that n # m. The reason Theorem 1.2 assumes n # m is
that it could be the case that H and V' are isotopic if n = m, in which case our examples
would not be new; others have already found bridge positions with arbitrarily high bridge
number.

Second, as described in section 1.2, the only moves typically allowed in relating
two bridge positions are perturbation and de-perturbation moves, which change a bridge
position’s bridge number by 1 and —1, respectively. As indicated by Theorem 1.2 and
by the other results we mentioned in section 1.2, increasing the bridge number is in some
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cases unavoidable when using these moves to go from one bridge position to another.
Interestingly, in the context of bridge positions or braid presentations, if we allow more
types of elementary moves (in addition to the typical set), it may be possible to relate
bridge positions or braid presentations without ever increasing the bridge number or
braid index [3, 10]. For example, computing the minimum number of steps required to
relate bridge positions or braid presentations using Menasco et al.’s set of moves is an
interesting problem worth investigating in the future.

Third, a note about how we solved the problem of Proposition 4.1: Arguments in
the proof of Theorem 1.3 of [6] told us that there must exist an m-bridge sphere for L., ,
since the link’s diagram was colorable in a certain way, but initially we did not know
that V itself was that sphere. However, knowing that an m-bridge sphere exists gave us
the idea and intuition to see that simply rotating all the twist regions by a quarter turn
as in Figure 20 would put L,, , in the right position. All that to say, even though the
work in [6] is not technically necessary to include in the written proof, it was necessary
for our problem-solving process, and we would not have arrived at this proof without it.

Finally, we offer our thanks to the referees of this paper. Their careful reading,
attention to detail, and insightful comments have been invaluable.
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